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RELATIONS AND FUNCTIONS

Group - A

Choose the correct answer from the given choices:

IfA= {1,2, 3} is a given set and the relation

R on the set A is defined as
:R={(1,1),(1,2),(2,1)} then R is

a) only reflexive

b) only symmetric

c) only transitive

d) transitiue and symmetric

If the relation R on the set A4 ={1,2,3}
is defined by R ={(1,1),(2,2),(3,3)} then
Ris

a) reflexive but not symmetric
b) reflexive but not transitive
c) transitive but not reflexive
d) an equivalence relation

The relation R on the set A = {1, 2, 3} defined
by R={(1,2),(2,3),(1,3)} then R is

a)
¢)
The relation R on the set 4 = {1, 2, 3} defined
by R={(1,2),(2,1),(2,3),(3,2)} thenR is
a)
c)
If A be anon-void set of children in a family

then the relation “a is a brother of b’ on A is

a)

c) ftransitive

only reflexive  b) only symmetric

only transitive  d) none of these

onlyreflexive  b) only symmetric

only transitive  d) none of these

reflexive b) symmetric

d) none of these

10.

11.

/117

Let 4={1,2,3,4, 5} then the relation

R= {(1,1), (2,2),(3,3),(4, 4),(1,2),(2,3)} 1s

a) b) symmetric
c) transitive d) none of these

reflexive

Let R be a relation on a finite set A having ‘n’
elements, then the number of relations on A is

a) 2" b) o~
¢) n’ d) "
If R is a relation from a finite set A having m

elements to a finite set B having n elements,
then the number of relations from A to B is

a) pm b) 2m _q

¢) 2m" d) m"

Let R be a relation on the set A such that
R =R, thenRis

a)
c) ftransitive

Let A={1,2,3} and let the relation
R={(1.2).2.3)}.

Then the minimum number of order pairs when
introduced to R to make of an equivalence
relation is

reflexive b) symmetric

d) none of these

a) 10 b) 8
c) 7 d 4
The relation

Rz{(x,y):x2 +y° zlwhenx,yeR}
a)

c) transitive

reflexive b) symmetric

d) anti symmetric



12.

13.

14.

15.

16.

The relation “is a subset of”” on the power set
P(A)ofasetAis

a) symmetric
b) anti symmetric
c) equivalence relation

d) none of these

The relation on R definedon N an gRp = a
divides b is

a) reflexive but not symmetric

b) symmetric but not transitive

¢) symmetric and transitive

d) none of these

If R be a relation on the set 4 ={1,2,3} is
givenby R = {(1,1), (2,2), (3,3)} then R is
a) only reflexive

b) only symmetric

c) only transitive

d) allthe three above

If 4={1,2,3},B={1,3,5} and if R be
relation from A to B given by
R={(1,3),(2,5),(3,3,} then p! is

a)  {(1,3),(2,5),(5,3)}

b {(3,3),3,1),(52)}

o) {(1,5,(2,3),(5,2)}

d) None of these

If A={a,b,c,d} then the relation
R={(a,b),(b,a),(a,a)} onAis

a) symmetric and transitive only
b) reflexive and transitive only
c) symmetric only

d) transitive only

17.

18.

19.

20.

21.

1121/

If A={a,b,c,d}and R={(a,a),(a,b),
(a) C)’ (b9 c)’ (b7 d)’ (07 d)’ (d9 a)}

be arelation on A, then R is

b) symmetric

d) none of these

a) reflexive

c) ftransitive

If A= {1,2,3} then the relation R on A
defined by R ={(2,3),(3,1),(2,1) is

a) symmetric only

b) transitive only

c) symmetric and transitive only

d) none of these

If R be the largest equivalence relation on a
set A and S is any relation on A then

a) RcS b) ScR
c) R=S d) none of these
If R is a relation on the set

4={1,2,3,4,5,6,7,8,9}
xRy < y=3x then R =

a) {(3, 1),(6,2),(8,2),(9, 3)}

b) {(3, 1),(6,2),(9, 3)}

C) {(3, 1),(2,6),(3, 9)}
{

(1,3),(2,6),(3, 9)}

given by

d)

A relation R from 4 = {1,2, 3} to
B={1,3,5} isgiven by
R= {(1,3),(2, 5),(3,3)} . Then p-1is

(@) {(1.3),(2,3).3,5)}
®) {(3.3),(3,1).,(5,2)}

© {(2.3),(2,5,(2,D)
(d) none of these



22.

23.

24.

25.

26.

If R be a relation on N defined by
xRy < x+2y =8, then the domain of R is

@) {2,4,8 (b) {2,4,6,8}

() {2.4,6} d) {1,3,4,5)

A relation R from {11,12,13} to

{8,10,12} defined by
(13,10)} then p-! is

R=1{(11,8),

(a) {(10,13),(8,11),(12,10)}
(b) {(11,8), (13,10)}

() {(8,1 1), (10,13)}
(d) none of these

If R be a relation from a set A of another set
B, then

(a) R=AUB
(b) R=4NnB
(c) RcAxB
(d) none of these

The relation R define onN as gRp =
“a divides b” is

(a) reflexive but not symmetric

(b) symmetric but not transitive

(c) symmetric and transitive

(d) none of these

m
The relation R ={(m,n): o is a power

of 5} defined on Z —{0} is
(a) Reflexive and not symmetric
(b) Reflexive and symmetric
(c) Reflexive, symmetric and transitive

(d) none of these

27.

28.

29.

30.

31.

1131/

Let A={1,2,3},B={3,5,7,9} LetR bea
relation defined from A to B by
R :{(x,y):y:2x+1,xe A} then g is

@) {(1.3),(2.5).3,7)
) {3.1).(52).(7.3)

© {G.D.((52),(7,3),9,1)}
(d) None of these

If 4= {1,2,3} and B = {2, 3, 4} then which
of the following is a function from A to B

@) {(13),(1,4).(2,3),(2,4)}

) {(1,2),(2,3)]
© {(13),(2,2),(3,4)}
@ {(2,3).(2,4).(2,2)}

If A={1,2,3},B={8,9} then the number of
functions that can be defined from A to B is
(a) 4 (b) 6

(c) 8 (d) 10

If f(x)=cos(logx), then f(x)f(») _%

{f )+ f [ij} has the value

@ 0
(c) -1

() 1
d) 2

1
If f(x) = 64x° 7 and o, B are the roots

of 4x+l=3, then

X
@ flo)=f(p)=-9
®) fla)=f(B)=63

© fla)=f(B)
(d) none of these



32.

33.

34.

35.

36.

37.

If f(X)=x+~ then f(x3)+3f(lj=
X X

2

®) [F@]
(d) none of these

@ [f]
© [f®]

If f(x)=;6—:,x¢—1 then f[/(x)] is

1 1
(a) - (b) T

1 1
(c) 2 (d 2

If / be a real function satisfying
f[erlj =x° +L2

X X
then f(x) is

@ x*-1
© x*-3

for all xeR—{O},

b) x*-2
d) x* -4

X
The range of the function ./ (X) =—is

| x|
@ R-{0} (b) R—{-11}
) {-L1} (d) none of these

If f:4— B and g:B — C be bijective,
then (fog) " is
@ flog”
(©) g of

(b) fog
(d) gof

If Az{x,y,z},Bz{u,v,w} and
f:4—> B be defined by f(x)=u,
fO)=v, f(z)=w,then f is

(a) surjective but not injective

(b) injective but not surjective

(c) bijective

(d) none of these

38.

39.

40.

41.

42.

43.

14 1/

The composite mapping fog of the map
f:R— R defined by f(x)=sinx and

g:R— R defined by g(x)=x"is

@ (sinx) (b) sinx’
x2
(¢) x?sinx @ oy

1

If f(x)=(3—x7)7 for all ye R then

(fof) (x)is

(@ x (b) 2x

(©) 3x (d) 4x

Damain of the function

f(x)=~2x-1++3-2x onRis
13 13
€)) (E’Ej (b) [5’5}
1
(c) {x €R:x2 5} (d) None of these

If f:R— Rbe defined by f(x)=4x+3
then /' (x) is

x—3

4
x—-4
3

(a) (b) 3x—4

(c) (d) None of these

Total number of one-one function from a set
with m elements to a set with n elements,

m<n 18
@ m" () »m
n!
(©) (n—m)! (d) None of these

Iff(x) _ (a—x”)i where g >0and e N
then fof (x)isequal to

@ «x (b) a

© x d) o



44.

45.

10.

11.

12.

13.

The total number of one-one function from a 46.
finite set with m elements to a set with n
elements for m > n is

m! n!
@ ) ®) G —m)
(c) nm (d) none of these 47.
The number of bijective functions from a set
A to it self when A contains n elements is
@) »’ (b) n
©) n! (d) 2

Answers

(b) 14. (d) 26.
(d) 15. (b) 217.
c) 16. (c) 28.
(d) 17. (d) 29.
(d) 18. (b) 30.
(b) 19. (b) 31.
(@) 20. (a) 32.
(b) 21. (b) 33.
(c) 22. (c) 34,
(b) 23. (¢) 35.
(b) 24. (c) 36.
(@) 25. (a) 37.

1151/

Let f:R— R be a function defined by
f(x) =cos(5x+2)then fis
(a) injective (b) surjective

(c) bijective (d) none of these

If f/:R—> R be a mapping defined by
f(x)=x"+5 then f'(x) is

(@) (x+5); (b) (x—S);
(©) (5_x); (d 5-x
©) 38. (b)
() 39. ()
©) 40.  (b)
(b) 41. (a)
() 2. ()
(a) 43. (a)
(b) 44. (d)
() 45. (o)
(b) 46. (d)
(©) 47. (b)
©)

©)



10.

11.

12.

13.

Fill in the blanks

The smallest relation on the set A = {a, b, c}

is

It 4={1,2,3,4,5} and R:4—> 4 is

1(1,2),(2,3),(4,5),(3,3)} then R 4 4

1S

The sum of two odd functions is

The sum of two even function is

If f:R—>R and g:R — R are given by
1
f(x)=8x" and g(x):xi,thenfogis

If R be a relation from a finite set A having m
elements to a finite set B having n elements,
then the number of relations from A to B is

If n(A) =4 and n(B) = 6, then the numebr
of one to one functions from A to B is

If f:R—>R is defined by

f(x)=(3-x")}, then (fof )(x) =

If f:R— R and g:R — R are defined by
f(x)=sinx and  g(x)=5x% then
(goH)=__

If f:R— R is defined by f(x)=3x+2
then fIf(x)]=__

If the function f:R— R defined by
f(x)=3x-4 is
o=
If the binary operation * defined on Q is

a*b=2a+b—ab for all a,beQ then
3*%4 =

invertible, then

If the binary operation * on set of integers Z
is defined as a*b=2a+b-3b> then

3%4 =

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

116 1/

If = be a binary operation on the set of
integers ;7 defined by a*b =2a+b—3 then
3*¥4 =

Let #*=RxR—>R is defined as
a*b=2a+b then (2*3)*4=

Let * be a binary operation on the set of
intepers Z defined by a *b = 3a + 4b — 2 then

4*5:

The roster form of the relation R = {(x, x*) :x

is a prime number less than 10} is

If A= {1,2,3,4,5,6} and arelation R on a
set A is defined by R={(a,b):a,be

Aand adivides b} then R in roster form is

Let 4={1,2,3,5} and B={4,6,9}. A
relation R from A to B is defined by
R:{(x,y):xeA,yeB and x-—yis
odd } then R in roster form is

A relation R on the set N is defined by
R={(x,y):y=x+5and x<4,x,y e N}

then the relation R in Roster form is

If A= {x,y,z} and B = {a,b} then the total

number of relations from A to B is .
X
It f(x)=+/x,g(x) = J and h(x) = 4x -8

then what is the value of hogof (x) .

If /:R— R such that f(x)=sinx and
g:R—>R
(Jog)x)=___

such that g(x):xz then

I ()= then /[ /(0]



25.

26.

27.

28.

29.

30.

[

A G AN e

_
e

11.

12.

13.
14.
15.
16.
17.

18.

1 1 31.
If f(x)=x"—— then f(X)+f(—J -
X X
A relation which is reflexive symmetric and
transitive relation is called as
relation. 32.
A relation R where aRb A bRc = gRc 18 33
called a relation.
A relation R where gRp AbRa=>a=b is 34.
called relation.
A function defined on a set of real numbers is
invertible if 1t is
If f:R— R be a function define by 35
f(x)=3x-5,then f'(1)= .
Answers

%) 19.
{(2,1),(3,2),(5,4),(3,3)}
even
S 21.
2mn 22
360 23.
x 24,
5.sin” x

25.
Ox+8
1 26.
g(x +4) 27.

28.
-2

29.
50 30
7 .
18 31.
30 32.
R={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6) 14
(2,2),(2,4),(2,6),(3,3),(3,6),(4,4), ‘

35.

(5,5),(6,6)}

1171

Let f:R— R be a function defined by
f(x)=x+land g:R—> R be another
function defined by g(x)=+/x then

fog(x)=___ .

Let f: 4 — B beafunction. Then fison
to if

one- one and on to function is called a
function.

Let f:R— R be a function defined by

e p— ‘
\/ﬁ’ then the domain of

Jfo=___ .
If /:R— R andis defined by f(x)= x|
then (fof )(x) = .

R={(1,4),(1,6),(2,9),3,4),(3,0),
(5,4)(5,6);

((1,6).(2,7),(3,8)}
64

Jx-8

sin® x

x

0

Equivalence

transitive

Antisymmetric

one-one and on to (bijective)
2

\/;+1
f(4)=B
bijective
{xeR : x>1}

f



10.

11.

12.

13.

14.

Answer the followings in one word.

If A= {x,y,z} and 4= {a,b} then what is

the number of relation from A to B

Write the range set of the function f'(x) =| x|.

If |X | = 5then the number of bijective fun
ctions from the set y to it self is?

The tabular form of the relation
R={(x,y):2x—y =0} on {1,2,3} is?

If a*b=ab—2is a binary operation on Z
then 2*(1*5)="?

IfR be arelation on A such that p - p-!, then
write the type of the relation R.

Sets A and B have respectively m and n
elements. The total number of relations from

AtoBis64.1f m <nand y -1, then write
the values of m and n respectively.

If R ={(x,x’): x isaprime number less than
5} then what is the range of R?

What is the least positive integer r such that
185€([r],?

If R={(x,y):x+2y=8} is a relation on
N, then write the range of R.

Let R be arelation on a finite set A having ‘n’
elements, then what are the number of relation
onA?

Let A= {1,2},3 = {1,2,3,4} . How many
relations will be there from Ato B ?

Let A={1,2,3,5},B={4,6,9}. Arelation
R from A to B is defined by
R ={(x,y):x€ A,yeBandx—yisodd}
write R in roster form.

If  A4={1,2,3},B={4,5,6,7}  and
f={(1,4),(2,5),(3,6)} isa function fromA

to B. State whether f is one one or not.

15.

16.

17.

18.

19.

20.

10.

11.
12.

118 11

If /:R— R aregivenby f(x)=8x" and

g(x) = x% , then write (fog)(x).

If f:R— R isdefined by f(x)=3x+2,
then fnd fT /(x)].

If the function f: R — R defined by
f(x)=3x—4 is invertible, then what is

)7
If f(x)=27x" and g(y) = x% , then what is
(go/)(x)?

12
What is the domain of / (X) = log(xz —xj?

If the mapping is f:R— R given by
7 (x)=4x* —12x, then what is the image of
the intervel [-1,3]?

Answers



13.

14.
15.
16.

10.

11.

12.

{(1,4),(1,6),(2,9),3,4),(3,6),

17.
(5,4),(5,6)}
One-one 18.
8x 19.
Ox +8 20.

Answer the following in one sentence

Define the equivalence relation on a set A. 13.

The graph of an even function is symmetrical
about which axis?

14.

What is the meaning of a = »mod (5) on the
set of integers.

If f be any real function, then what type of

15.

function %[f(x)Jrf(—x)] is ?

Express ¢* +gin x as the sum of an even
function and odd function.

The mapping f and g are given by
£ =1{(1,2),(3,4),(5,6),(7,8)} and

g= {(2,5),(4,7),(6,3),(8,1) } then what is

gof . 18.

If two functions are odd, then what type of
function will be their sum.

Express the function 1 + x + x2 as the sum of

an even function and odd function. 19.

If f= {(l,a),(12,b),(3,c),(4,d)}
g= {(a,x),(b, x),(c,y),(d,x)} then what is
gof ?

What is the natural domain of f(x)= \/; ?

21.

Write the identity relation on {a, b, c} .

11911

16.

17.

and 20.

%(2x -5)

3x
Domain {x:-3<x <4}

[8,72]

Write the smallest reflexive relation on
{a,b, c,d }

If R be a relation from {1 1,12,13} to
{8,10,12} defined by y=x—3 then what
is p1?

Defince a symmetric relation.

If A= {1,2, 3} , write an example of a relation

on A which is reflexive symmetric but not
transitive?

Let f={(—3,—2),(—1,0),(2,1), (5,3)} and
g ={(-2,-1),(3,7),(0,2),(1,5)} then what
is gof ?

If A4={1,2,3,4},B={2,4,6,8} and
f:A— B is defined by f(x)=2x, then
find fand £ asasetoforder pairs.

Letf(x)zL,thenﬁnd of )(x).
N (fof )(x)

Let a function f:A4— Bdefined by
S (x) =log(1+x)
g:B— Cdefined by
Find (gof)(x).

and a function

g =e".

If f(x)=+1-x and g(x)=log, x are two
real functions then find ( fog)(x)



22.

23.

24.

25.

10.

If 4={1,2,3} and B={a,b} then write the
total number of functions from A to B.

Let A={3,5,7}and B={2,4,9} and R is

arelation from A to B is given by “is greater
than”. Write R as a set of order pairs.

Let R be a relation on a finete set A having ‘n’
elements then what is the number of relation
onA.

If the function f:R — R is defined by
f(x)=3x—4 isinvertible then find 7.

Answers

A relation R on a set A os said to be an
equivalence relation if it reflexive symmetric
and transitive.

The graph of an even function is symmetrical
about y —axis .

a — b 1s an integral multiple of 5.

%[ f(x)+ f (—x)] is an even function.

e’ +sinx = [%(e" +e " )} +
[l(ex —e"‘)+ sin x}

2
e’ = %(e" +ex)+%(e" —e””)

{(1,5),(3,7),(5,3),(7,1)}

The sum of two odd functions is odd.

l+x+x° =(1+x2)+x where 14 y2is

even and x is odd.

gof ={(1x),(2,x),3,»),(4,x)|

I1.

12.

13.

14.
15.

16.

17.

18.

20.

21.

22.

23.

/110 //

The domain of f(x)=+/x is{x€R:x>0}

The identity relation on {a,b,c} 18

{(a, a),(b,b),(c, c)}
The smallest reflexive relation on the given set
is {(a,a),(b,b),(c,c),(d,d)}

{(8,11),(10,13)}

A relation R on a set A is said to be symmetric
if for

a,be A,(a,b)e R= (b,a) e R

If A= {1,2, 3} then a relation on A which is

reflexive and symmetric but not transitive is

R={(11).(2.2)(3.3).(1.2)(2.).
(23).(32)}

gOf = {(_39_2)3(_192)7(295)9(577)}
f={1,2),(2,4),(3,6),(4,8)} and

7 =12.1),(4,2),(6,3),(8,4)}

VO e
(fog)(x)=1+x
(fog)(x)=+1-logx

Total number of functions from A to B is 8.
R={(3,2),(5.2),(5,4),(7,2),(7,4)}

The number of relation on 4 _ »»*

fl(x):%(x+4)



Group - B

Short type Question & Answers:

Let X ={x,y} and Y = {u,v} . Write down
all the functions that can be defined from y
to y . How many of these are (i) one-one (i)

on to and (iii) one-one and on to ?

Let x and y be the sets containing m and n
elements. What is the total number of function
from y to y.

How many functions from y to y are one-

one accordingas m<n,m>n and m=n.

Examine the function f: R — R such that

f(x) = x"ifitis (i) injective (ii) bijective
how_ that the function f(x)=sinxon
T
0,5} is injective
Find the composition fog and gof when f
and g are function on R given by

f(x)=cosx, g(x)=sinx’

Find the composition fog and gof when f

and g are function on R given by
1
f(x)=gx)=(1-x")

If f be a real function, then show that (i)
f(x)+ f(—x) is alongs an even functions and

(1) f(x)— f(—x) isalways an odd fuctions.

Thesf whether the relation
R={(m,n):m—n>7} on 7 is reflexive,

symmetric or transitive.

The relation R on the set 7 is defined by for

mmneZ, mRn=-10< m+n<l10.

Examine whether it is an equivalence relation.

10.

11.

12.

13.

14.Show that

15.

16.

17.
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Shwo that the relation R defined on the set
A={1,2,3,4,56} as R={(x,):
x,y€ A and y is divisible by x} is reflexive,

and transitive but not symmetric.

Show that the operation = given by
a*b=a+b—ab is a binary operation on

Z,0 and R butnoton A .

Determine whether the following binary
operation on the set R is associaative and

a+b
forall a,beR.

commutative. a*b =

Show that %:RxR-—> R given by

a*b = a+4b* abinary operation.

*: RxR— R defined by

a* b = a+2b isnot commutative.

Show the operation defined by
a*b=a+b—-ab on R—{l} is a binary
operation. Show whether it is commutative

and associative.

Show that the operation % given by
a*b=2a+3b on 7z isa binary operation.
Examine whether it is commutative and

associative.

Show that the operation % given by
axb=L.C.M {a,b} is abinary operation on
N. Examine whether it is commutative and

associative.



Answers

The given sets are 4,

X z{x,y} and Y = {y,v}
The functions that are defined from XtoY

are f, ={(x,u),(y,v)}
S ={xv), (v,
fy ={Cxu),(y,u)}
Lo ={v),(y, )}

out of these four functions, f, and f, are
one-one function.

Also f, and f, are on to functions

Also f, and f, are one-one on to functions.

There y and y are sets containg on and n
elements.

.'.|X|=m,

Y | =n

The number of functions from y to y = ;.

If m<n, then the number of one-one
n!

B (n—m)!

If m>n, then the number of one-one
functions= ()

functions = B,

If m=n, then the number of one-one
functions = ;!

The given function is

f:R— R suchthat f(x)=x’
for x,x, eR,

S =f(x)

=x =x;

=X, =*x,

X, # X,

So f isnot one-one

= f isnither injetive nor bijective on R
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The given function is f(x) =sinx which

T
defined on {0,5}

T
Let %,X%; € (O’Ej

S f(x)=f(x,)=sinx, =sinx,

T
=X, =x, as X,X; € 0,5
So f isone-one.

The given function defined on R are

f(x)=cosx and g(x)=sinx’
fog(x)= f[g(x)]= [ sinx’]
= cos | sinx” |
And (gof)(x) = g[f(x)] = g[cosx]
= sin (cos” x)
Here (fog)(x) # (gof )(x)
Given that £ (x) = g(x) = (1)

(fog)(x)=f[g()]

[1-[g)T ]é

S

W | =

=[1—1+x3];=x

(g0 =g[f™]=[1-[f@] |



=[1-(1-x) ]
(1—1+x3)é =X

- fog = gof

(i) Let A(x) = f(x)+ f(-x)
Soh(=x) = f(=x)+ f(x)
= f(x)+ f(=x) = h(x)

So h(x) isan even function.

(i) Let g(x) = f(x)— f(-x)
S g(=x) = f(=x)— f(x)
= [/ ()~ f ()]

=-g(x)

9.

= g(x)1s an odd function. 10.

The given relation is
R={(m,n):m-n>7} onZ
(1) Reflexive Forall ;5 ¢ Z
m-m=0<7
= (m,m)e R
= R isreflexive
(i1) Symmetric Let (m,n) e R
>m-n27
=>n-m<7
=>m-m)27
= (n,m)¢ R

So the relation R is not symmetric
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(iii) Transitive:
Let: (m,n),(n,p),(n,p)eR
=>mmn=>27 andn—p=>7
= (m,n)+(n+p)=27+7=14
=>m—-p=27
= (m,p)eR
So R is transitive

The given set is Z, the set of in tegers

For m,n€ z, wmRn = -10 <m+n
<10

|m+n| <10
Forall 7,
|m+m| :|2m| <10 isnot true.

= mRm 1snot true.
so R isnot reflexive.

— R isnot on equivelence relation

The given set is 4={1,2,3,4,5,6}. The
relation R on the set A is defined as
R ={(x,y: yisdivisible by x}

={(1,1),(2,2),(3,3),(4,4),(5,5),

(6,6),(1,2) ,(1,3)(1,4),(1,5),(1,6), (2,4),
(2,6),(3,6)}

Reflexive:The relation R on the set A is

reflexive if (x,x) € R forall x ¢ 4.

The relation R is reflexive.

Symmetric: The relation R on the set A is

symmetric if for x, y € 4,
(x,y)eR=(y,x)eR
Here (1,2) e R but (2,1)¢ R
(I,3)eR but 3,1)¢ R

So the relation R is not symmetric



Transitive: The relation a on the set A is transifive

I1.

12.

iffor x,y,ze A4
(x, ) €R,(y,2)eR=(y,2) e R

Here (1,2)eR, (2,4)eR and also
(1,4) e g (1,3)eR,(3,6)c Rand also
(1,6) e R

So the relation R on the set A is transitive.
The operation * givenbya*b= g+p —ab
Forall a,bez

a+b—-abez
=axbez
= * 1s abinary operation on z

Forall a,beQ,

a+b—abeQ

=axbe(.

—> *1s a binary operation on Q
Forall a,beR

a+b—abeR

=a*beR

= * is a binary operation on R
Again 3,4e N

3+4-34=7-12=-5¢N

=3*%4¢N

So * is not a binary operation on

Forall a,beR,

a+b€R

=a*beR
= The operation = is a binary operation

a*b:a+b:b+a:b*a
2 2

13.

14.

15.
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=> The operation * is commutative

Again for a,b,c € R

a+b
(a*b)*c=(a+bj*c: 2 ¢
2 2
a+b+2c
:T ..(1)
a*(b*c):a*[b—l_cj
2
b+c
a—+
_ 2
2
2a+b+c
:T ..(2)

From (1) and (2) we see that
(a*b)*c;t a*(b*c).
The operation * is not associateve.
The operation * is defined by
For a,be R
a*b=a+4b> R
= ax*b 1s a binary operation.
For a,b,e R, a*b=a+2b
bxa=b+2a
sa+2b#b+2a

=axb#b*a

= The operation * is not commutative.

For a,be R—{1}

axb=a+b—abe R—{l}

= The operation = is binary operation on

R-{1}



Commutative
a*b=a+b-ab (1)
bxa=b+a-ba
=a+b—ab

(2

=q* b
From gxp=p*q
= The operation * is commutative.

Associative
a*(bxc)=a*(b+c—bc)
=a+b+c—bc—a(b+c—bc)

=a+b+c—bc—ab—ac+abc

Again (a*b)*c=(a+b—ab)*c
=(a+b—ab)+c—(a+b—ab)c

=a+b+c—ab—ac—bc+abc

From (1) and (2) , we have
ax*(bxc)=(a*b)*c

— The operation = is associative.

16. For a,bez

2a+3bez

=ax*xbez
— The operation * is a binary operation

Commutative
For a,bez, gxb=2a+3b
b*a=2b+3a
2a+2b+#2b+3a
=axb#bx*a

The operation = is not commutative

Associative

(a*b)*c=2a+3b)*c

=2(2a+3b)+3c
=4a+6b+3c
a*(b*c)=a*(2b+3c)
=2a+6b+9c
S(axb)xc#ax(b*c)

=> The operation is not associative.

17. The operation on N is defined by

a*sz.C.M,{a,b}
Fora,be N [.C.Mof{a,bjeN

=axbe N
The operation = is a binary operation.

Commutative

For a,be N
a*b=LCM {a,b}
=L.C.M{b,a}

=b*a
= The operation * is commutative.

Associative

For a,b,ce N
(a*b)*c=LCM{a,b}*c
= L.C.M of {a,b,c}
a*(b*c)=a*LC.M of {b,c}
=LCM{a,b,c}
S(axb)*c=ax*(b*c)

The operation = is associative.
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Group -C

Long Type Questions

Prove that for any f: XY, f o
id, =f=id, of

Test whether the relation
R={(m,n):2|(m+n)} on z is reflexive,
symmetric or transitive.

Let R be a relation on the set R of real numbers
such that gRpif g—pis an integer. Test
whether R is an equivalence relation.

Let ~be defined by (m,n)~(p,q)of
mq = np where m,n,p,qez—{O}. Show

that ~ is an equivalence relation.

Test where the relation R defined by
m

R= {(m,n) :—1is a power of 5} on the set
n

A {O} is an equivalence relation?

If g and § are two equivalence relation on

a set then prove that R~ S is also an
equivalence relation on the set.

If m and n are integers and integers and
f(m,n) isdefined by

Sifm<n
f(m—nn+2)+mif m>n

f(m,n)={

Then find £(5,3)

Prove that the inverse of f'(x)=x" —1 does
not exist in general,

But f:[0,00) —[—1,00) has an inverse given
by f(x)=+x+1 and
S [-1,0) >[0,00)

9.

10.

I1.

12.

13.

14.
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Let f(x)= \/;,g(x) =1-x*. Compute
fog and gof and find their natural domain.

Let f:R—> Rbe defined by
f(x)=3x+7 show that f isinvertible and
find £7'.

Prove that f: X — Y is injective if for all
subsets 4, B of y,

FANB)=f(A) N f(B)

If f:X->Yand g:Y—>Zare two
functions, show that gof is invertible if each

of f and g are so and then

(gof) ' =fTog™"

If f: A — Band g:B— A such that gofis
an identity function of A and fog is an identity

function mB, then show that g = f~'.

If p is a prime and ab = (mod p) then show
that either a =0 (mod p) or b=0 (mod p).

Solutions

Giventhat f: X >7Y

For each x e x, thereexist y € Y such that

y=f(x)
(foid )(x) = fo(f of )(x)
[ id, = fof ']

=(fof )f(x)

= f()=y )



(id,0 f)(x)=(fof o f(x)

=(fof )W)

= /177

=f(x)=y )
From (1) and (2), we get

foid = f=idof
The given relation is
R :{(m,n):2|(m+n)} on 7
S.mRn=2|(m,n) formne Z

= m+n 1s divisible by 2

= m+n=2k where ke 7
Reflexive

Forall e 7
m+ m = 2m which s divisible by 2
= mRmistrue forall ;e Z
forall iy e 7,
= Therelation g is reflexive
Symmetric

For m,ne Z,

mRn = 2|(m+n) for m,ne Z

= 2divides m +n

= m+n=2k where 7

=>n+m=2k

= 2 divides n+m

= nRm
So the relation g is symmetric.
Transitive:

For m,n,pe Z
mRn=2|(m+n)formneZ

= 2 divides m +n

=m+n=2k where fe7 ..... (D)
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nRp =2 |(n+p)forn,peZ

— 2divides n+ p

= n+p =2k where ke Z .....2)
Adding (1)
m+n+n+p=2k+2k —2n

and (2), we get

= m+p=2k+2k —2n
=2(k+k —n)
— 2 divides m+ p
= mRp

S .mRn,nRp = mRp

So the relation g on the set is transitive

The set of real numbers is R .

For a,b € R, therelation g ontheset g is
defined by
aRb = a — b 1s an integer

= q —b =k where [ is an integer.

We shall test whether g is an equvalence
relation.
Reflexive :

Forall a e R,
a—a=0
= aRa istrue
= Risreflexive
Symmetric
For a,b,e R
aRb = a — b 1s an integer
= q—b =k where [ is integer
= b—q = —k whrere —f integer
= bRa
So the relation R is symmetric.
Transitive
aRb = a — b 1s an integer

= a—b = k where [ is an integer

(D)



bRc = b — ¢ 1s an integer

= b—c =k, where £k, is an integer

Adding (1) and (2), we get
(a=b)+(b-c)=k+k
= a —c = k + k, which is an integer

= akRc-
..aRb,bRc = aRc

So R is transitive.

Since R is reflexive, symmetric and transitive

itis an equivelence relation.
The givensetis 4=Z7—{0}.
= The set of all non-zero integers.
Let X = AxA={(x,y):x,y € A}
Reflexive
Forall (m,n)e X,
(m,n) ~ (m,n)as mn =nm
So the relation ‘ ~ ’ is reflexive.
Symmetric
For (m,n),(p,q) e X
(m,n) ~(p,q) = mq =np
= pn=qm
= (p,q) ~ (m,n)

So the relation R is symmetric
Transitive:

For (m,n),(p,q),(r,s)e X
For (m,n) ~ (p,q) = mq =np
(p,q)~(r,s)= ps=qr ....... (2)
Multiplying (1) and (2), we get
mq.ps = mp.qr
= (m,n) ~ (r,s)
(m,n) - (paq)a (p,Q) - (I’,S)
= (m,n)~(r,s)

So the relation € ~ ’ is transitive.

6.
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The given setis 4=7—{0}

The given relation is
m,

R= {(m, n):—is a power 5}
n

where m,n e A.

Reflexive

m
Forall ;e 4, —=1
m

m
=—=5°
m

= (m,n) € R
= Risreflexive.

Symmetric
m e

For (m,n)e R=>—=5" where fc 7
n

n _
- _—=5*
m

= (n,m)€e R
— R 1s symmetric
Transitive

For (m,n),(n,p)e R

n
1 _ sk sk
n p
m gkt
p
= (m,p)eR

So R is an equivalence relation.

Worked out example from the text book



Given that

Sifm<n
f(m’n):{f(m—n,n+2)+mifm2n
S f(5,3)=f(5-3,3+2)+5

= f(2,5)+5
=5+5=10

Given functionis f: R — R and is defined
by f(x)=x-1
Let x,,x, € R, f(x) = f(x,)
=x —1=x -1
=X, =*x,
=X £X,
So f isnotone-one
= f~' doesnot exist.
Let the function f:(0,00) —[1,0]and is
defined by f(x)=x"-1
For x,,x, €[0,0), f(x)=f(x,)
=Sx-1=x-1
=X =X
=X =X,
(Such x, and x, are both positive so -ve sign

rejected)
= f isone-one.

Let y= f(x)=x>—1 where ye[-1,0)
and is defined by f(x)=x*-1
For x,,x, €[0,%), f(x,)=f(x,)
=x-1=x; -1
=X =X
=X =X,
(Since x, and x, are both positive so -ve

sign is rejected)
= fis one-one

Let y = f(x)=x"—1 where y e[-1,00)

10.
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= x’ =y+1

SN
Here we see that each y e[—1,00) is the
image of x €[0,00) . Hence f ison to Since
f 1s one-one and on to, its inverse exists.
Its inverse is f~':[~1,00) — (0,00)and is

defined by f~'(x)=x+1.

To prove the invertibility of the function /', we
have to prove that /" is a bijection.
f is one-one: Let x,ye R
L fX)=f()=>3x+7=3y+7
=3x=3y
=>x=y
Then f(x)= f(y)= x=y forallx,y e R
so f is one-one
£ isinto:
Let y be any arbitrary element of g .
Then f(x)=y
=>3x+7=y

3

Clearly yT cR forall yeR

They forall y e R,

eR

there exists X =

such that /' (x) = f (y—_7j

3
3(_j+ 7 %

So £ is on to.
= fisabijection
= fisinvertible

x—=7

- f7" R — R givenby (x)=



11.

12.

Giventhat f: X — Y isinjective.
Let 4and p aresubsets of x .
Let f(x)e f(ANB)
&S xeAdAnB

o xedand xe B
< f(x)e f(4) and f(x) e f(B)
< f(x)e f(ANf(B)

So f(ANB) = f(A)N f(B)

Two given functions are f: X — Y and

g Y—>Z.

First we shall show that if fand gare

invertible then gof’is also invertible.

Leif f and g are one-one and m to then

gof 1s also one-one and on to.

(1) Let /" and g are one-one functions

Let x,x, e X

= (gof )(x,) = (gof )(x,)

= glf(x)]=glf (x,)]
= f(x)=f(x,)
=X =X,

(. f € gareone)

Then for x,,x, e X

(gof)(x) = (gof )(x,)
=X, =X,
So gof is one-one
(i) Let f'and g be two on to functions

LetZEZa
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Given that g: Y — Z be an on to function .

So there exists an element y € Y such that
gy)=z.

Since f: X — Y be on to, there exists an

element x ¢ Y suchthat f(x)=y.
Now g(y)=z

=glf(x)]=z

= (gof )(x) =z

Then for any element . < 7 there exists
x € X suchthat (gof)(x)=z

= gof : X — Z isan on to function.

Then we see that if /' and g are one-one

and on to, then gof is also an one-one and
on to function.

So gof isinvertible.
= (gof) ' exists
Here f: X — Y isbijective.

So thereexists y € Y such that f(x)=y

:x:f_l(y) (1)
Asan g:Y — Z isbijective.

So there exists an element » < 7 such that

gy)=z

=y=g"(2) )
(go)(x)=glf(x)=g(y)=2
=x=(gof)'z. u3)
Also x=f"'(4)=f[g"(2)]
=(fTlogH)z) ... 4)
From (3) and (4), we have
(gof)'=fog”



13.

Given that g of I, and fog=1,.
We hae to show that g=1 .

First we shall have to show that fis invertible
1.e.

We shall show that f'is one-one and onto.
For x,,x, €A, f(x)=1{(x,)
=g[f(x)) = glf(x,)]
= (gof)(x,) = (gof)(x,)
=1,(x) =, (x,)
= X =X,
This shows that f'is one-one.

Againlet y € B and let g(y) = x
Here g(y) = x

= flg(n]=1(x)

= (fog)(y) = f(x)

= I(y)=f(x)

= y=1f(x)

[ 1s(y) =]

Foreach y e B there existsan x ¢ A such
that f(x)=y.

So fison to.

= fisinvertible

Now
(fog)=1, = f'0(fog] =f' of B=f"

= (f'of)og =f"'
=l,0g="1"

:>g=f"1.

14.
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Given that P is prime.

Also given that ab=0 (mod p)

= p divides ab

= There exists ¢ e z such thatab=pc ...(1)

We shall show that either
a=0(modp) or b=0(modp)

If possible let a = 0(mod p)

=(p,q) =1

p is prime and a is relatively prime, g.c. f
ofppandais 1.

=> There exists m, n € Z such that pm tan=1
Multiplying both sides by b, we get
bmbtanb=b

= bmptanb-b

= bmp+pcn=>b

= p(mp+cn)=b

= p divides b

= b = 0 ((modp)

Similalry if b= 0 (mod p), then we can show
thata = 0 (mod p)

So either a= o (mod p) or b= 0 (mod p)



INVERSE TRIGONMETRIC FUNCTIONS

Group -A

Choose the correct answer from the given alternatives:(MCQ Questions)

If x+ y+z=xyz then
tan"' x+tan”' y+tan~'z?

T

@ 5 ®) 0
L2 0o Z
© 5 @ -
. ,1 3 71 1
The valueof sin " —+tan  — =9
5 7
by =
@ = (b) >
™ o =
© 3 @ 5
If xy + yZ +zx = 1 then tan_l X+ tan_l
y+tan~ z is.
L2 o
@ 5 ® 3
z d
© 5 @ =z

A solution of the equation

tan" (14 x) + tan"' (1 - x) =% is

€ x=-1 d x=x

The value of sin(cos’1 x) 18

X 1
@ e ® Uiz
X 1
© 1+ x? (@) 1+ x?

11221/

. 2a _
The solution of SIn l(H_azj—cos1

1_b2 1[
5 =tan
1+b

(@)

©

1+ab
a—>b

(b)

(d)

If sin”' X +cosec™ 2
5 4

(@)
(©)

1

3

(b)
(d)

2x
1 _ x2 1S()

4

41 1
The value of 2 tan 1§+tan 17 is

(@)

©

X _
The value of tan ' =—tan 1( ] is
y X+y

(@)

(©

N

NG

K]

(SN

(b)

(d)

(b)

(d)

r
3
r
6

xX—

<

NG



10.

11.

12.

13.

14.

. . 2
Ifsm x+sm y= ? then 15.
cos' x+cosy =?
L2 o
@ ® 5
™ o F
(©) 3 @ 7 16,
If 4=tan! x then the value of gin 2x 1s
2x 2x
(a) 1— 2 (b) 1— 2
2x 2x
© 1+ x? @) V1+x? 17
. Vs
If the value of sin ng for some
x € (—1,1) then the value of ¢og! x 18?
37 b oz 18
i o o
(©) 10 (d) 10
_1 T
The value of tan (2 cos Ej is?
| T 19.
@) ® 5
™ o F
© 3 @ 5
If x+y=4,xy=1 then (an'x+
tan”' y="?
20.
3 z
@ - ®
L2 o =
© - @ -

11231/

The value of cot™ 2+ tan 3 =7

i b 2
(a) 6 (®) 4
(c) 5 @ 1

. . 27
The principal value of S 1(5111 T) is?

P T
(a) 4 (®) 3

2 N
(c) 3 (d) 3
If sin”' £+cosec*1§ =2 then value of

5 2~ » thenvalue of x
is
@ 2 ®) 3
© 4 @ 5
. -1 a1

The value of SIn (tan X+ tan ;j , x>01s
?
(@ 0 (b) 1

1 ol
(c) 5 (d) 3

cot”! J1—sinx +~/1+sinx
J1-sinx —+/1+sinx

@ 75 ® 5
() 27— X d 7+ X
2 2

2sin” i+ sin— =29

5 25
(@ -=x b)) =«

T T
(©) 5 (@ )



21.

22.

23.

24.

25.

26.

27.

sec’ (tan‘1 2) +cosec’ (cot‘l 3) =9
@ 13 ®b) 14
© 15 d 16

sin (tan‘l x) is ?

x x
®) 1+x° ®) 1+x°
x 1
(c) 2 (d 2
cos(tan’1 x) is ?
1 1
(a) N ® e
X X

(©) N (GO

cos(2 cos™ x) is ?

@  2x7+1 (b)  2x* -1
1 1

© e @ 573

tan”' 3 2

Z+tan' = =?
2 3

T T
@ ¢ ® G
T T
© 3 @ 7
2tan”’ %4— cot'7=9
T T
@ 5 ® 5
T T
© 3 @ 7
If  cos”' x+cos™ y+cos ' z=r then
X' +y +z7 +2xyz 18
(a) xz (b) 2xyz
() 3xz d 1

28.

29.

30.

31.

32.

33.

1124 1/

The value of cos(Z tan™" x) ,0< x < o0 is?

1-x° b 1+ x°
@ T ®
2x q 2x
(c) -2 (d) 1+ 2

13 45
The value of tan 1g"‘CO’[ IZ is

(@) ! 0 tan >
a tan 1 13
_1 _1 1
(c) tan — (d) tan 5
o1 A3
The value of sin”™ —+sin~ — is
2 2
r r
@ 5 ®) 3
z d
(c) > d =

41 =z
The value of tan(2 tan IE_Z) is

7 7
€)) 17 (®) 17

17 17
(©) - (d) B

If x+ ST 2 then the principal of gjn! x is?

r b =
(a) 1 (®) >
2

) =« (d) 3

.1
Write the value of COS (sm : Ej

1

@ 3 ®) ?
1

© 5 @ V3



34.

35.

36.

37.

38.

39.

The range of ¢og! is

_ V3.
The value of costan™ cotcos 17 is?

(@)

©

The value of Sin"' {COSK

(@)

©

3

1

o
10

3

10

(b)

(d)

(b)

(d)

2

2

337
T s ?

T

10

—3r

10

The value of sin (2 sin”! 0.8) is?

(@)
©

. 3
The principal value of S 1 {‘7} is?

0.66

0.86

(b)
(d)

(b)

(d)

0.76

0.96

3

i
4

7
The value of COt(COS 12—5j is?

(@)

©

7

7

24

24
7

40.

41.

42.

43.

44,

45.

46.

11251/

_ 1
The value of CO'{COS 1(‘3)} is?

® 35 ® 35
© % O 5
The value of cot(%—hot‘ 3) is?
(@ 5 (b) 6

(c) 7 d) 38

If tan(x+ y)=33and y =tan'3 then the
value of y is

(@ tan'(0.5) (b) tan"'(0.4)

© tan'(02) (@) tan"'(0.3)
Find the value of

sin [cot*l {tan (cos’1 x)}}
(@ sinx (b) x
() cosx (d tanx

cos [2 cos™' (0.8)] is ?

@) 2.8 ®) 0.28
) 0.028 d 0.82
The value of 2sin”' 1 +cos”' 1 is
2 2

W Z ®) >

3 2

T T
© 3 @

If cot” x+cot™ y+cot” z= % then the
valueof x+y+z is
(@ 3xz (b) 2xyz

(d) xyz (d) 4xyz



47.

48.

49.

50.

The value of sin [COS_1 {tan (cos_' x)}} is?

(@ x b)) 2x

© 3x d  4x

If »»=x"+y>+z° then the value of

tan”' (Ej +tan”™' (EJ +tan”' (ﬂj is
xr yr zr

r r
@ ®
L2 0o =
© 3 @ 3
1. 63
The value of S Zsm 3 is
1 b
€)) NG (b) 2
b b
© 30 N
The value of
- -1 1 1=y
tan| —sin > +—cos = | is
+x° 2 I+y
xX—y xX—y
(2) 1—xy (®) 1+xy
x+y X+y
©) I—xy (d) I+xy

1. (b)

5.(b)

9. (b)

13. (b)

17. (b)

21.(¢c)

25.(d)

29. (b)

33. (b)

37.(d)

41. (c)

45. (a)

49. (b)

1126 1/

2. (d)

6. (b)

10. (c)

14. (¢)

18. (b)

22.(b)

26. (b)

30. ()

34. ()

38.(¢)

42.(d)

46. (¢)

50. (c)

Answers

3. (c)

7.(c)

11.(a)

15. (b)

19. (a)

23.(a)

27.(d)

31. (b)

35.(b)

39. (b)

43. (b)

47. (a)

4. (a)

8.(c)

12. (a)

16. (b)

20. (b)

24. (b)

28. (a)

32. (b)

36. (a)

40. (b)

44. (b)

48. (d)



10.

11.

12.

Fill in the blanks

The value of tan (2 tan” %— %J =_

The value of tan'1+tan'2+tan"'3

tan ™ 3 +tan™ % =
2 3

. T
If sin”™' x ngor some x € (—1,1), then the

value of ¢og7! x 18

. 3
The principal value of St 1(‘7} is

The value of 4'[2111711—'[%71L is
5 239

then the value of

If g4=tan"'x
sin24 =

T | _
If sin(sin 1§+cos "x) =1 then the value of

x 1s

The value of sin (2 sin”! 0.8) is

o7
The value of COt(COS lgj is

o1 |
The value of cos IE+2SIH 15 is

. 337
The value of SN {COS (Tﬂ is

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

1127 11

_ N3
The value of costan™ cotcos 17 18

. V4
If the value of smn lng for same

xe(-1,1) then the value of ¢os'x
is

_ T
The value of tan™ (2 cos gj =

If x+y=4,xy=1then tan™' x +tan™ y=

1
The value of cot ™' 2+tan™’ 3 is

Lo X 45
If sin 1§+COS€C IZ=3 then the value of

x 18

The value of Sin (tan‘1 x+tan™' %j,x >0

1S

2sin™ % +sin”! 24 =

Using the principal values, the value of

1( 13nj
COos [ cos— | —
16

sin(2sin_1 0.6) =
tan (E +2cot™! 3) =
4

cos(2sin"1x) =

tan™' (ij—tanix_y]=
Y Xty




11 -1

. 3
sen ——+C0S —=
27 NG J10

28.  sincos ' tansec ' /2 =

1—x
sin| 2tan™' ,|—= |=
29. [ 1+x J e

30. sincot™ costan™' x =

Answers
Ll 3. 2
s B g E 4,
"4 " 1t
9 0 -~ .=
. 0.96 o 3
3L ZE s E
2 ‘10
7.2 18 19. 1
i 3 .
T
2.7 22096 237
5.2 261 7.2
. . .
29 730, ([ LEX
L 2+x°

4
26. cosec [cos1 3 costd
5 5

o

10.

I1.

12.

13.

15.

1128 1/

Answer in one word

|
Write the value of €0S (sm : Ej

Write the range of ¢og~' -
Write the value of

T 1 L a T 1 L a
tan| —+—cos — |+tan| ———cos —
4 2 b 4 2 b

_ T
Writ the value of €08 ! (cos 3 Ej

Write the principal value of

sin” | —— |+CoS  cos| ——
2 2

What 1is the principal value of

. 1( . 27tj
sin”'| sin—— |9
3
) P
What is the value of tan 1(2 COS?j ?

. T
If the value of sin IXZg for some

x € [—1,1], then what is the value of ¢os" x ?

_ 1
What s the value of cot ™' 2+ tan™' 3 ?

If x+ y =4, xy =1, then what is the value of
tan” x+tan"' y ?

. X 45 =z
If sin 1§+cosec IZZ—,thenwhatisthe

2
value of x?
What is the value of

. _ o1
sm(tan ' x+tan 1—],x>0 2
X

o1 1
What is the value of 2sin 1§+cos '— 9

What is the value of
sin [cosf1 {tan (cos’1 x)}} ?

T -1
Find the value of cot (Z —2cos 3} ?



16.

17.

18.
19.

20.

_ _ T .
If tan™' x +tan 1y=z, xy < 1, then write

the value of x+ y+xy.

(. 1
If s1n(s1n‘1 g"‘COS_I X) =1,then find the
value of x

1

_ 1 |
Write the value of €0S l(—§j+25m E

Write the value of

wfofz)

Write the principal value of cos™ cos(680) .

principal

Solutions

ol

N'_|
> L
R

MERRN

+1

. 1
Hints sin”'| —— [+cos™ cos(—Z
2 2

V4 O T
=——+C0S COS—
6 2

|
Nk

=T icos0=-241
6 6

3
... 27 ._1.( ﬂj
HlntS Sin - SIn—— =S1n sin| 7——
3 3
. 4. T
=SIn Simn—
3
—sin'3=2
3

7.

10.

I1.

12.

13.

1129 1/

sy =18

o . s
Hints sin™' x + cos 1x=3

/s O V4
= —+c0S x=—
5 2

4 T nm 3&
=>C0s X=———=—
2 5 10
7
4
3
2
Hints tan~' x + tan ™’ y= tan™' xry
1-xy
)
=tan | —
1-1
. 7T
=tan oo =—
2
3
Hints sin™' >+ cosec™! ST
5 4 2
= sin”' X +sin”! 4 -z
5 2
. 4X T L 4 L 4
= sin §=5_5m g:cos
=>x=3
1
2
3
1 1 T
Hints 2sin”' —+cos"' —=2.—+—
nts 2 2763
T 2r
=4t —=—
3 3 3



14. x |
17. x=—
Hints sin[cot’1 {tan(cos’l x)}} 5

o]
Hints : Sin (sm"' 3 +cos”’ xJ =1

. -1 -1 1_x2
=sincot | tantan .1 4 .
= sin §+cos x=sin"1

X
\/72 o1 i T
. aNI=x =sin —+cos x=—
= sin cot 5 2
X
_1 T . ,11 ,11
. =C0S X—=—-8in —=cos —
=smnsin_ x=Xx 2 5 5
15. 7. 1
=x=—
1 1 >
Hints: we know 2cot™ 3=2tan" 3 18. .
1 1(— j .1
2.~ Hints €08~ | — [+2sin” —
:tan71_3 2 2
1
1= I B
9 =7 —cos ' —+2sin' =
2
43 i
=tan —=cot  — T T
4 3 =r—-——+2.—=1,
3 6
T o b4 L 4
.'.cot(——Zcot 3j:cot(——cot —)
4 4 3 19 _r
' 4
cot” — 4 +1 Hints: We know the principal value branch of
T s (1 z]
——cot— an ’
3 4 2 2
i+1 ~.tan"' sin (—%) =tan"'(-1)
:4—:7
——1 -1 T
3 =tan (—tan—j
4
16. 1
-1 T
P = tan {tan[——ﬂ
Hints: tan” x+tan”' y= Z 4
T
+ =——
:tanl(x y]zﬁ 4
I=xy) 4 20. 40,
Hints:
x+y=tan£=1 | o |
1—xy 4 cos™' (c0s 680" ) = cos ™' [cos 2.360 - 40]
= x+y=1-xy =cos ™' cos40°
=>x+y+xy=1 =40°

1130 //



10.

11.
12.

13.

14.

15.

D. Answer in one sentence:
Write the principal value of

RVE) 1( lj
cos ' —+cos” | ——
2 2

(a
Write the principal value of tan l(zj

—tan_l(a_bj
a+b

Write the

principal value of

tan"'(1)+cos™ (_71)

Write the value of tan”' l:z sin [2 cos”" gﬂ
Write the principal value of
tan™' (\/5) —cot™' (—\/5)

What is the principal value of

tan”' /3 —sin"'(-2)?
If x+ y+z=xyz then whatis the value of

tan”' x+tan” y+tan'z ?

. 43 o1
Find the value of sin”' 5 +tan™' -
If xy+ yz + zx =1, then what is the value of

tan”' x+tan”' y+tan"'z ?

) . 3
What is the value of SIn (2 sin”! gj ?

pis _
Find the value of tan (Z +2cot”! 3) )

Whata is the value of

_13 _14
cosec| COS —+COs — (92
5 5

Write value of sin cos™ tan(sec’1 2 ) in
simplesst form.

What is the value of sin cos™' costan' x?

1 o1
What is the value of 2 tan 1§+tan 17 ?

/131

16.

17.

18.

19.

20.

Write the value of

1 2 .o . 27
cos™ | cos— [+sin” | sin— |
3 3

What is the principal value of tan™"(~1)?

principal

_ 3
Find the principal value of €08 1 (7}

Using the principal value evaluate

1
tan”' (1)+sin”'| ==
S

. . 37
Write the principal value of S1n l(sm ?j

Solution
The principal value of
1
cos™ £+cos_l (——] is 7
2 2 6
Hints: cos_lﬁﬁtcos’1 1
s: ) )
K] (1
=cos —+|m—cos | —
2 2
A 3
6 3 6
The principal value of
tan™' (gj —tan™' (a — bj o~
b a+b 4
The principal value of
_ S 1 11z
tan"' (I)+cos™' | —— | js —
® ( 2J 2

1
Hints: tan~' 1+cos™ (_E)

=tan"' ‘[anZ +m—cos’! l
4 2

7, n i

T =
4 3 12



The value of
an”’ {ZSin 2cos™ ?ﬂ i r
3
251n£200s \/gﬂ
2
=tan"' [ZSin{cos 2. ——1 H

[ 2cos ' x=cos™ (Zx2 - 1)}

Hints: tan"'

=tan"' 2sin(cosl lﬂ
L 2
=tan"' 2sin£j
3
=tan"' 2.£ =tan 3=£
2 3
The principal value of

tan” (V3 )-cos™ (—V3) is —%

Hints: tan™' 3 —cot ' (3]
=tan"' 3| 7 —cot 3 |
= (tan"' V3 +cot ' 3) -

=T =——

2 2

The principal value of
. T
tan™’ \/§—SCC_1(—2) 18 3

If x+y+z=xyz then the value of

tan”' x+tan”' y+tan~' z is 0.

10.

I1.

11321/

The val fsin"1§+tan_ll‘ z
e value o 5 S8
If xy+yz+zx=1, then the value of

_ _ _ T
tan™' x + tan 1y+tan lz=5.

The val fsm(Zsm Ej 24
evalue o 5 )18 55

Hints:

VORI ST P
sm(Zsm 5 = sin 3 25
[ 2sin”' x =sin™' [2)6\/1 —x }

_24
25

The value of

tan(%+2c0t1 3) is 7.

Hints:
tan| Z+2cot™'3 |= £+2tan’ll
4 tan { 4 3
O
= tan[z+ tan”' _—31
9

=tan [tan‘l 1+ tan™ %}

1+é

= tan tan "
1—1.E
4



12. The value of

_13 _|4 .
cosec| cos §+cos 3 is 1.

4
Hlnts: C€osec {cos‘l % +cos”' g}

43 . / 16
=cosec| cos —+sin~ ,|/1——
5 25

43 13}
=cosec| cos ' =+sin"' =
5 5

/s
=cosec— =1
2

13. The value of sinfl (;()sf1 tan secfl 2 in
simplest form is 0.

14. The value of sincos'costan™'x is
1+ x2
V2+x?2°
A

15. Thevalue of 2tan™' 1 +tan”' 1 is —.
3 7 4

16.  The principal value of

-1 2 . . 27
CcoS COS? + S1n Sll’l? /4

Hints: We know the principal value branch

. _7[ ﬂ .
sin'is Y and for ¢og7! 1S [0,7[].

., (2nj . 1(. znj
‘. COS COS| — |+ SIn Sin —
3 3

/133

2r . . ( n]
=—+sin_ sin| r——
3 3

2 . | . T
=—+sin~ sin—
3 3

2r 7
=t —=7
3 3

T
17.  The principal value of tan™' (~1) is 7

T

3
18.  The principal value of cos™ B3 is rE

19. tan'(1)+sin™ (—%)

.y _1( ﬂj ol [ T
=tan |tan— |[+smn |sin| ——
4 6

_rT_r_nm
4 6 12
o 2r
20. The principal value of S11 | SI| 77 5
2
is 7
Hints:
._(.371) o ( 2ﬂj
sin” | sin— |=sin" | sin| 7 ——
5 5
.. 2w
=sin~ sin—
5
o
5



10.

11.

Group - B

Short type Question & Answers:

Show that

T

1 2
sin”' (—J +cos” (—j _r
Jio J5) 4
44 (2
Find the value of tan| cos 3 tan 3

) =

cot ' 9+cosec’ | — |=
Prove that [ 4 J 4

Sh thtsin‘1i+2tan_'l—£
oW 5 3 2

Show that
2 o1 2 o 1 _
tan” cos —+cot“sin. —=26
Ng 5
Solve
. 2a . _
sin”™ 2+sml 2—2tan'x
+a +

Prove that

sec’ (tan*1 3) —cosec’ (co‘[*1 3) =0

. 1
Evaluate cos(2cos ™' x+sin”™' x)at x = 3
Prove that

B 1 (1=
tan l\/;=ECOS (_x] when x € (0,1)

1+x
Prove that
(s (3o (52)
cos | — |+sin” | = |=sin" | —
3 5 65
Prove that

2
tan”' x + tan™ 2x ~ |=tan™ 3x xz
1-x 1-3x

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

1134 1/

- . 43
Solve cos(tan lx) =sm(cot 12)

+Xx

Solve tan™' G_—x] =—tan x

Solve 2tan™" (cosx) = tan"' (2 cos ec x)

[CHSE-2019]
Solve tan™' x+2cot™ x = ZTH
Prove that
-1 a1 X
cos” x+cos | —+
{2

Prove that

cot'7+cot'8+cot'18=cot'3

Prove that
(55 )reos (3]s (3)
sin” | — |+cos” | = |=sin" | —
3 5 65
Prove that
_11 -1 _14
tan —+tan —=—.tan —
3
Solve
3tan"1( ! j—tan_llztan_ll
2+\/§ X 3
Prove that
L a T o
tan| —+—cos — |+tan| ———cos —
(rgeos' Jran{ 53005



22.

23.

24.

25.

26.

27.

28.

29.

30.

o x -
If cos 1(;)"‘005 1(%) =0, then prove

2 2

x° 2xy y
that — ——=cosf +—
a a>  ab b*

=sin’ 6@

If cos™ x+cos™ y+cos™ z=r thenprove

that x> + y* +z° + 2xyz = 1.

If sin 'x+sin”' y+sin”' z = 7, then show

that x\/l—xz +y\/1—y2 +Z\/1—z2
=2xyz

r=x+y+z, then prove that

/ / / zr
—+tan +tan =

cos oc —tan '+/cos oc then

. oC
prove that sinu = tan’ Ex

If 4 =cos™

Prove that
in™! /_x—q =cos™ /p—x =
p—q p—q
tan ™ 4
p—x

In a AABC,< A=90°, then prove that

tanl( b j+tan1( < jZE when
a+c a+b) 4

a,b,c aresides of a triangle.

Prove that

-1

tan”' x+cot ' (x—1)=tan"' (x* +x+1)

Show that

4(cot1 %+ cos eclx/%j =7

11351/

Solutions (Hints)

o= (3

let Sin”' (%) =a,cos ' [ij =
10 5

sina 1
tana = =—

cosaa 3

o1
a=tan —

3

sinf /45 1

tan p = =—
cos 3 2/\/5 2
1

=tan"' —

P 2

L.HS = tan™' —+tan”' %
1.1
—tan ' 32 _gan[2
11 5
372
—tan’ll—E
4



41
cot'9+cosec” — = z
4 4
1
We know cot™' 9 =tan™' 5

Letcosec™ (@J =0

Jal
= cosecl = T

:>sin6’—i
Jar
4
n9:sin’li:tan1 V4l :tan’li
Ja1 16 5
41
L cosoct YA 4
cosec Ttan g

5

L.H.S =cot"' 9+cosec™

4

,11 714
=tan —+tan —
9 5

1 4

9"s

_ -1

=tan 4
1-—.—

95

tan’ (cos"1 Lj +cot? (sin : —j =
NG N

1 1
cos' —=a =>cosa=—
Let \/g \/g

sina =+1—-cos’a = /1_% - %

2
tana:m:—szx/i
cosa 1

NG

1136 //

—a=tan'\2

1
= cos' — =tan" \/5

NG
1 1
sin'—==f8 =>sinf=—
Let \/g ﬁ ﬂ \/g

cos B =+/1—sin’ 1——:ﬁ

c9sﬂ 5
sin 3
= B=cot™'2

scotf =

a1 cot™' 2

NG

= sin

-1

[

1
—+ cot sin

NE)

2 +cot’cot™ 2

LHs—tan COS

=tan’ tan™'

[tan tan™' \/ET + [cot cot™ 2]2
(i -2

=2+4=6

2a .
> + Sin

1+a 1+b

sin”! —=2tan"' x

= 2tan ' a+2tan'h=2tan"' x

—tan'x=tan 'a+tan'h =tan" a+b
1—ab
a+b
—y g
1—ab
When 1=+
en 5

cos (2 cos' x+sin™ x) = cos

(2 cos™ 1 +sin™! lj
5 5

a1 a1 .1
=Cc0s| cos” —+cos —+sin —
5 5 5




=C0S| —+cos —
2 5
1

. ,1 1 . . ,1
=—sIncos  — =—sinsin 1—-—
5 25

12 . 3
S.cosx=—,siny=—
13 5

144 5
sinx=+1-cos’x=,/1-— ==
169 13

9 4
cosy=+l-sin’y=[1-— =—
d 4 25 5

s.sin(x+ y) =sinxcos y +cosxsin y

wn

3 56
+t—==—
5

S
13

(V)]

3
cos(tan™' x)=sin| cot™ =
12. cos(tan x) ( 4j

. (7[ o j ) ( 13]
= sIin| ——tan x [=sin| cot —
2 4

T 0 43
:>E—tan x=cot —

= tan" x+cot™

AW
(R

3
=S>x==,

13.

14.

1137 11

-1 1—x 1 1
tan 1— =5tan by
+Xx

= 2tan”’ (I_—XJ =tan ' x
1+x

1+x
2
L 1+ x

— tan”' _ 2= x)(1+x) } =tan"' x
_(1+x)2 —(l—x)2

— tan"' =tan ' x

2

41—x _
= tan” =tan'x
2x

1—x?
= =X
2x
=1-x=2x>
=3x* =1
, 1
=X == =>x=t—
3 3

2tan"'(cosx) = tan"' (2 cos ec x)

2cosx

2
=tan”'| ——— |=tan"'| —
1-cos” x sin x

2cosx 2

2 - .
l—cos”™x sinx

2cosx 2

sin®x  sinx
= sinxcosx =sin’ x
= sin x(cosx —sinx) =0
=sin=0 orcosx =sinx

=sinx=0orcotx=1

3x=0,E
2



17.

18.

20.

cot' 7+cot'8+cot™'18

Let sin”™' (%) =a,cos” (%) =p

. 5 3
=sina=—,cos f=—
13 5

cosa=\/1—sin2a=%
sin  =+/1-cos’ =§
sosin(a + ) =sina cos S +cosa sin S
53 12 4
=——+——
35 135
6
65

63
=Sa+f=sin""| —
P (65j

. (5 4(3 .1 63
=sin| — |+cos | = [=sin” | —
13 5 65

The given equation is

3tan1[ ! j—tan i1 =tan"' !

2+\/§ ;
tan ™ ! =0
Let 2+\/§
= tanf = !
2+\/§ ...(1)

Also tan15 = tan(45° -30°)

23.

_ tan 45° —tan 30°
1+ tan 45° tan 30°

1
A o (B)(VE+)

1+\/1§ V341 (\/§+1)2

From (1) and (2), we see that

tan@ =tan15
=60=15
:tan_l( ! j—lS
2+ \/5
Given equation is
3.15—tan™ l =tan"' l
X 3
= tan"'1—tan” 1_ tan™ 1
X 3
= tan”’ 1_ tan"'1—tan™' 1
X 3
L |
=tan" 31 —tan ' —
1+1.— 2
3
=>x=2

cos' x+cos” y+cos'z=x

=cos 'x+cos ' y=m—cos 'z

= cos”' [xy—\/(l—xz)(l—yz)}

=71 —cos’z

2

= xy— (l—xz)(l—yz) :cos(ﬁ—cos‘l z)

:xy—\/(l—xz)(l—yz) = —coscos”’




24.

25.

=t

:>(xy+z)2 =(1—x2)(1—y2)
= x Y22+ 2xyz=1-x" —y* +x*y’

S>3+ +2 +2xz=1

Letsin'x=4, sin” y=B,sin"' z=C
LA+B+C=rx
Also x=sin 4, y =sinB, z=sinC
.'.cosA:\/l—sinzA :\/l—x2
cosB=4/1-y", cosC =+/1-2°
L.H.S = xv1-x’ +y\/1—y2 +Z\/l—22
=sin Acos A+sin B+ cos B+sinCcosC
| .
:5[2s1nAcosA+251nBcosB+2
sin C cos C]
Ir. ) )
=5[sm2A+sm2B+sm2C]
| B ) )
=5.4s1n A.sin B.sinC
[-A+B+C=r]
=2sin Asin Bsin C =2xyz
Giventhat r =x+y+z
L.HS tan™ /ﬂ+tan*1 2+ tan™! /ﬂ
vz zx xy
N L Ey iy L E2
an”! yz zx xy vz \zx '\ xy

PO EC S DU N
yz zx zx xy \yz xy

26.
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_(x+y+z)\/; NEN
xyz 2
=tan"' > ald
N U
ZZ x2 y2
_ e
(x+y+z)\/;—r4
=tan"' Az
(r r rj
- —+—+—
X y z
a7 r—rx/z
=tan | ——M—
ror r
l——+—+—
X y z
=tan"'0=7
Given that

u=cot™ \/cosa —\/tanax/cosa

_ 1 _
—u=tan" —tan"'Jcosa

Veosa

=tan"'
1+ Acosa
AJcosa
_ tan”! l-cosa
2+/cosa
l1-cosa
= tanu =

= 1+tan’®

= sin’u =

2\ cosa

2
) :1+(1—cosa)
4cosa
(1+cosoc)2

4cosa



3
22 g =4 tfl 24 -1 26
tanu 1-cosa 2sin 7 30. L.HS (CO > cosec

sinu = = = p
secu l+cosa 2cost & 3 L2
We know cot —=tan —
2 3
=tan2% Let cosec™'v26 =0 = cosech =~/26
e sinn & s.cosec’d =26
2
= 1+cot’ =26
28. Giventhat « 4 =9(° — cot? @ =25
=b*+c*=a’
=cotfd=5
tan ™' +tan” 1 1
a+c a+b CS.tan0 = =—
cotd 5
b n C 1 1
—tan-!| _atc _a+b = 0 =tan 3
B b c
a+C a+b :cosec'lmztan‘lé
~ tan”! _b(a +b)+c(a+c) 3
| (a+c)(a+b)—bc L.HS =4=(Cot_l §+COS€C_1V26J
L[ ab+ac+b* +c
=tan E— =4(tan1 +tan_1—j
_tan-![ @0 tac+d’ 2.1
a’ +ab+ac —4tant| 35
-2 1
=tan‘11=tan‘1£ 35
4
13
29.  tan”' x+cot”'(x+1) :rtan*IE:4tan’11:4.%
=tan_1x+tan_IL =7
x+1
1
X+—o
— tan”' x+1
1
l—x.——
x+1
~ tan! x(x+1)+1
(x+1)—x

1140 //



Group -C

Long Type Questions

X .
If cos 15+cos 1§=9 then prove that
9x* —12xycos@+4y”* =36sin’ 6.

If sin”' x+sin”' y+sin”' z =z, then prove

that ¥yt 2t X7y

= 2()c2yzz2 + szz) .

2

XYl
If sin " —+sin Z:SIH b then prove
a a

that 2x? + 2xy\a’h* —c* +a*y* =c*-

Ca(x) .
If sin 1(;j+sm 1(%j=a, then prove

2 2

x° 2x .
that —2+—ycosa +g—2=sm2a.

a a

b+acosx)_

Prove that cos”' (
a+bcosx

Prove that

tan”' x =2tan"'(cosectan™' X +tancot™ X)-

Prove that

Cot_l{\/1+sinx+\/l—sinx} X

\/1+sinx—\/l—sinx

=7,
xe(O,zj
2

Show that

tan™' (2Cl_b]+tan1 (—2[)_“} _Z
b3 a3 3

/141 /1

9.  Show that
tan”' +tan”’ _y _ tan~" l
X+y X" +xy+1 X
10. Solve:
t -1 1 —1 1 -1 1 B B T
an —+tan —+tan —+tan x=—
11.  Solve:
2
3sin’’ 2 ~4cos” x2 +2tan”’
+x 1+ x
2x T
1-x° 3
12.  Solve:
o1 -1 _1( 1 j_
cot ——+cot  —+cot _
x—1 X x+1
cot™! (Lj
3x
tan™' @ _r
13. Prove that «/EJM/E g
—Ecos‘1 X
14. Show th tan~' \/1+x2 +\/1—x2 =a if
. ow that \/1+xz +\/1_x2
x> =sin’ «
15. Prove tan”' (lj+tan—l (lj_‘_ tan”! (l)
3 5 7

4 lj T
t+tan | — [=—
5)-5



Solutions & Hints

[*<
—
Il
>

: cos | X |+cos™
Given that (2 3

v J4=x)(0-7)

=cosf

:>xy—\/(4—x2)(9—y2) =6co0s6

:>\/(4—x2)(9—y2) =xy—6cos0

Squaring both sides, we get

(4—x2)(a—b2)=(xy—6c0s6’)2

=36-9x" —4y> +x’y* =x")°
—12xycos@ +36c¢os’ 0

= 9x> +4y” —12xycosf =36—36cos’ 0

= 9x” +4y” —12xycosf =36sin’ 0

Letsin" x=4,sin”' y=B,sin"' z=C

=sind=x,sinB=y,sinC=z

ssin”'+sin” y+sinT z=7

=>A+B+C=rx

=>A+C=r-B

= cos(A4+C)=cos(7 - B)

= cos(4+C)=—cosB

x> -y’ +z° =sin’ A-sin’ B+sin’ C

=%(l—cos2A)—%(l—cos2B)+

%(l—cos2C)
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= %—%[cos2A+cos 2C —cos2B]

= % —%[2.cos(A +C).cos(4-C)

—(2cos* B—1)]

= %— cos(A+C).cos(A—C)+cos’ B —%

=cos B.cos(4—C)+cos’ B

=cosB [cos(A —C)+cos B]

=cos B[cos(A—C)—cos(4+C)]

=cosB.2sin AsinC

=2sin Asin Cy/1-sin’ B

=2x ZW

oox? —y2 +z7 = 2xzm

Squaring both sides, we get

(x2 -y’ +z’ )2 =4x’2" (l—yz)

(x2 —y* + 2 )2 =4x°z°(1- %)

= x'+yt+2t -2xy" —2y°272x7 2
=4x°z2* —4x*y*Z’

= x'+yt 4z +4x?y?
=2(x’y* +y’ 22 +2°x

X .
Letsml—:a,smlzzﬂ
a b

x . .
So—= smoc,Z =sin f3
a b

X2
cosa =,|l-—,
a

2

Y
cosfB = e



. . 71x . *ly - -1 02
Given that sin” —+sin~ —=sin= —
a b ab
2
., C
=a+f=sin" —
ab
c2
:>cos(a+ﬂ):cossin’l—b
a

= cosa cos f—sina.sin f =

coscos ', [1—

[ =]
— a?b* — azyz _pixi 4 xzyz
2x\a’b’ —c* +a’b* -
= b2 +2x\a’? ¢t +a’y’ =t

Let tan™' b tan> =0
a+b 2
= tan0 = _bt ni
a+b 2

a-b X
= tan’0=——.tan* =

a+b 2
We shall show that
COS_I (Mj — 29
a+bcosx
acosx+b _ 59
a+bcosx
2
RHS = cos26 = ﬂ
1+tan” 0

=x"y +

6.
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(a+b}{a—bﬁmﬁg

a+b+@—bﬁmﬁ%

X X
a+b—atan2—+btan25

X
a+b+atan? 5 btan’ =

a(l—tan2 xj+b(l+tan2 xj
2 2
a(1+tan2 xj+b(1—tan2 xj
2 2
l—tanzf
@ ————%f+b
1+tan® =
=x
1—tan® >
a+b )2c
1+tan® =
2
_acosx+b
a+bcosx’
R.H.S =2tan '[cosectan” x—tan
cos ™' x].

1
=2tan"’' [cos ectan”' x—tan.tan™ —}
X

=2tan”" [cosectan_1 x—l} (1)

X

Let tan”' x=0

=tan 0

cosecd =+/1=cot* 6

:\/tan29+1

_ \/x2+1

tan O X



From (1)

2
RH.S :2tan"[ X +1 _l]
o X X

| -1
2tanl( i J
x

2mn_l[\/tanzt9+l —IJ

tan O

_2tan1(se09—lj
tan 6

ot (l—cosej

S

sin 0
2sin’ Q
=2tan”" 2
. 0
28in —Ccos —
2 2
=2tan"’' tang
2

= 2.% =0 =tan"' x=LHS.

=cot ™
L.HS L/l+sinx—\/l—sinx

2
We know 1+sinx = (cosg +sin %j

- X . X
= +/1+sinx =cos— +sin—
2 2

Similarly V1—sin x = cosg — sin%

From (1) we have
LH.S

X .X X . X
COS —+sin —+¢cos ——sin —
2 2 2

=cot™
X . X X . X
COS—+Ssin——| COS——SIn—

2 2 ( 2 2)
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\/1+sinx+\/l—Sinx} ) 10.

2cosE  x
=cot™’ 2 |—coscot2=2
2sin — 2
LHS:tanl[—a_b]+t 1[2b—aj
b\/g av3
2a—b+2b—a
=tan"' b\/g a\/g
1_2a—b 2b—a
b\/g ' a\/g
~ tan”! a(2a—b)+b(2b—-a)
B 3ab—(2a—-b)2b—-a)
NE)
ot (2a* —ab+2b> —ab)\[3

3ab—4ab+2a* +2b* —ab

[ 2a% +2b* =2ab
tan 5 5 3
2a°+2b° —2ab

=tan'/3 -z
3

o1 a1 1 _ T
tan™' —+ tan 1—+tan7+tan lx:Z

— | tan™ l+ tan”™' l +tan' x = z
3 5 4

1
—tan"' =
7

= (tan1 %4‘ tan™! %] +tan' x=tan"'1

—tan™! l
7

1
+— 1-=
S |4tan”' x = tan™ 71

1+1.—
7

W | =

= tan”’

—_

-1
35

1

4 8 i 46
—>tan —+tan x=tan —
14 8




11.

12.

_14 —1 _13
—>tan —+tan x=tan —
7 4
4
—=tan ' x=tan ' =—tan ' —
4 7
3 4
— tan"! 4 7
TRy
1+=.—
4 7
,(21—16] 5 1
=tan =tan —=tan —
28+12 40 8
r o1
—=tan x=tan —
8
1
=S>x=—.
8
Given equation is
) 2 1-x2
3sin™ x2—4c0s’1 xz+2tan’1
1+x 1+x
2x T
1-x> 3

—=32tan ' x—4.2tan"' x+2.2tan ' x

1

_ _ _ T
= 6tan' x—8tan"' x +4tan 1x=§

_ T
= 2tan x==

B

—=tan ' x ==
6

T 1
—>x=tan—=—f
6

N

Given equation is

1 1 1
cot'——+cot' —+cot' ——
x—1 X x+1

=cot” —
3x

=tan"'(x—1)+tan" x+tan"'(x +1)

=tan"' 3x

= tan"' (x—1)+tan"'(x+1)=tan"' 3x —

1

tan™ x
~ tan! (x=D+(x+1) ~tan”! 3x—x
I-(x-D(x+1) 1+3x.x
1 2x iy
= tan ————=tan" ——
I-(x"—1) 1+3x
2x 2x

2—x? :1+3x2
=1+3x*=2-x"
= 4x* =1

:>x2:l :>x:il
4

\S}

—=60=cos'x

~ tan! NI+ x —+1-x
LHS VI+x++1-x

Let x =cos6

_tan,l_\/l+cost9—\/1—cosé?
_\/1+c050+\/1—c059
\/Ecosg—x/zsing
=tan' é é
x/icos—+ 2 sin—
L 2 2
0 .6
cosg—smg
=tan"'
cosg+sing
L 2 2
l—tang
=tan"’ 2
0
1+tan —
2
[ T 0
tan ——tan —
=tan"' 4 2
1+tan£.tan€
L 4 2

~ tan”! (7{ 0]
=tan tan| ———
4 2

T 6 m-1
=———=——co0s X,
4 2 42



LINEAR PROGRAMMING

GROUP-A

A. Choose the correct answer from the given choices (MCQ)

1.  The maximum value of x+y subject to

7. InaL.P.P manimize z = 6x, + 7x, subject to
3x+4y<12,x>0,y>0 15 ?

X, +2x, 22,x,,x, 20, the manimum value

(@ 3 (b) 4 of zis
© 5 d 6 @ 5 (b) 6
2. The maximum value of z = 2x+3y subject ) 7 d 8
to x+y<2,x,y>0 1is 8. InaL.P.P,maximize z = 5x + 3y subject to
(a) 6 (b) 3 3x+5y <15, 5x+2y<10, x>0,y>0,
(c) 4 d 5 the maximum value of z is
3. The maximum value of z=3x+2y subject () % (b) %
to 2x+3y<6,x>0,y>0 is
@ 9 b) 4 © 143 @ 144
© 3 d 2 19 19

4. The maximum vlaue of z =5x+ 6y subject 9. InaL.P.P,maximize 2 =x+y

t0 2x+3y<12,x>0,y>0 is subjectto 2x+y <50

<
@ 25 ®) 30 x+2y <40
© 24 d) 34 x20,y20
: . The maximum value of z is
5. The manimum vlaue of z =2x+ 3y subject @ 20 b 30
a
to 3x+2y>6,x>0,y>0 is © 40 @ 50
(@ 4 (b) 5 . ,
© 6 A 7 10. for aI;.P.z,II;laxumze z=2.5x+y subject
6. For the L.P.P, Maximum value of 0xX+y=
z=20x+30y subjectto 3x+y<l12
. >20,y=20
3x+5y<15,x,y=>0i1s x=20,y=2U,
Y Y The maximum value of z is
(@) 80 (®) 90 @ 10 ®) 10.5
(¢) 100 (d) 110 ) 9 d 9.5
ANSWERS
1. (b) 3. (3 5. (a) 7. () 9. (b
2. (a) 4. (b) 6. (o 8. (b) 10. (b)
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Fill in the blanks

In a L.P.P, maximize 6.
z=8000x+ 12000y

subjectot 3x+4y <60
x+3y <30
x=20,y=0
the maximum value of z is
For aL.P.P, Maximize z = 6x +8y
subjectot x4+ y <500

x <400 8.
¥ 2200

x>20,y20,
the maximum value of z is
For aL.P.P, maximize z =5x+3y
subjectto 2x+y <12
3x+2y<20

x=>0,y2>0,

10.

the maximum value of z is

For aL.P.P, maximize z = 20x+10y
subjectto 1.5x+3y <42
3x+y<24
x20,y=>0
the maximum value of z is
Fora L.P.P, maximize z =5x+3y
subjectto 2x+y <12
3x+2y<20

x>0,y=0 7

the maximum value of z is 9

1147 1/

Solution of manimize z =5x+ 7y
subjectot 2x+y>8
x+2y>10

x>0,y>01s
Solution of L.P.P
maximize z=>5x+3y
subjectto 3x+5y<I15
Sx+2y <10
x20,y>0 1is
Solution of L.P.P maximize z =3x+2y
subjectto x+ y <400
2x+y <500

x20,y>01s

The solution of L.P.P
maximize z=x+2y
subjectto 2x+y <4

x>0,y>0is
The solution of L.P.P
minimize z =3x+ 5y
subjectto x+3y>3

x+y=>2

x>0,y>01is

Answers
168000 2. 4000
160 4. 200
32 6. 15
ﬁ 8 900
19 '
4 10. 7



Write the answers in one word;

Write the maximum value of x + ) subject to
2x+3y<6, x>0, y=0.

Write the solution of the following L.P.P
Maximize z=2x+3y

subjectto x+y <1,xy >0

Write the maximum value of
z=20x+30y subject to
3x+5y<15,x,y=0

What is the minimum value of

z = 6x, +7x, subject to

X +2x,22, x,x,207?

Write the maximum value of 3x + y

subjectto 2x+3y>6, x>0,y>0

What is the maximum value of 3x + 2y,
subjectot Sx+y <10
x+y=6

x>20,y>0

Write the answer in One Sentence

State the feasible solution.

Mention the quadrant in which the solution of
an L.P.P with two decision variable lies when

the graphical method is adopted.

When a linear programming problem has

infinetely many solutions?

When a L.P.P has no solution?

N kWD

10.
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What is the maximum value of 22x+18y,
subjectto x+y <20

3x+2y <48

x20,y=0

Write the maximum value to 5x, +7x,
subjectto x, +x, <4

3x,+8x, <24

10x, +7x, <35,

X,%, 20

Answers

The maximum value of z is 3.
The maximum value of z is 3.
Maximum value =100
Minimum value =7
Maximum value =9
Minimum value= 13

Maximum value =392

) 124
Maximum value= T

State the extreme point theorem.
Define objective function.

Define constraints

What is the optimal vlaue of a L.P.P
Define optmization problem

Define feasible region.



Answers

Any solution of a L.P.P which satisfies the
non negative restructions is called a feasoble

solution.

In the graphical method, the solution of a L.P.P

lies in the first quadrant.

If the two vertices of a convex polygon give
the optimal value of the objective function then
all ponts on the line segment joining two
vertices give the optinal vlaeu and the L.P.P is

said to have infinitely many solutions.

If the convex polygon is an empty set then
the linear progarmming problem has no

solution.

An optimal solution of a L.P.P if exits, occurs

at one of the extreme points of a convex

polygon.

. are constants and

X5 Xy s eueenenne x, are variable then the linear

10.

Group-B
Short type questins & Answers:

Find the feasible region on the following
system.

2x+y26,x—y<3, x>20,y=0
Solve the following L.P.P
Maximize z=20x+30y

Subjectto 2x+5y <5,

x,y=>0
Solve the following L.P.P
Minimize z = 6x, +7x,

Subjectto x, +2x, >2

X,%, 20

4.
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function z=cx, +c,x, +.ne. +c,x,
which is to be maximized or minimized is

called an objective function.

The linear in equations on the variables of a
linear programming problem are called
constraints. The conditions x >0, y >0 are

called non negative restriction.

The maximum or minimum value of an

objective function is called its optimal value.

A problem which seeks to maximize and
minimize a linear function subject to certain
constraints as determined by a set of linear
function subject to certain constraints as
determined by a set of linear inegualites is
called an optimization problem.

A common region determined by all the
constraints including the non-negative
restriction x > 0, y > 0 of a linear programming
problem is called the feasible region. The
feasible region is always a convex polygon.

Leta L.P.P be
Maximize z =3x,+5x,
Subject to x, +3x, <30
X, +2x, <12
2x,+5x ,<20
x,%x,20

Test whether the point (2,3) and (-3,4) are
feasible solutions or not.

Solve the following L.P.P
Minimize z=5x+7y
subject to 2x+y=>8

x+2y2>10
x=20,y=20



10.

Solve the L.P.P

Miximize z=5x+3y

Subject to 3x+5y<5
S5x+2y <10
x=20,y>0

Solve the L.P.P

Maximize z=3x+zy

Subject to x+y <400
2x+y <500
x20,y>0

Fond the feasible region for the following
constraints in a graph

2x+y<4, x=>2-0,y>0

Shade the feasible region satisfying
2x+3y<6,x20,y=0

Two types of food x and y are mixed to
prepare a mixture in such a way that the
mixture containts at least 10 units of vitamin
A. 12 units of vitamine B and 8 units of
vitamine C. These vitamines are avialable in
kg of food as per the table before

Food Vitamins

A B C
X 1 2 3
y 2 2 1

1kg of food x costs Rs. 16 and lkg of
food y costs Rs. 20. Formulate the L.P.P.
so as to determine the least cost of the
mixture containing the required amount of
vitamins.

1150 /1

Answers
The given in equations are
2X+y26 . (D)
Xx=y<3, 2)
x20,y>20 . 3)

Changing the in equations to equations,
are get

2x+y=6 ... (4)
xX—y=3 .. %)
x=0,y=0 ... (6)

The line (4) intersect the axes at two points
(3,0) and (0,6)

Putting (0,0) in (1), we get
2.0 +0>0 = 0>6 which is false so the half
plane is away from the origin.

The line (5) intersect the axis is (3,0) and
(0,-3).

Putting (0,0) in the equatity (2) we get
0-0<3
=0<3

Which is true.

So the half plane is towards the origin.

Y,

The shaded 4
portion is the 5
2

given teasible ;

. 2
region. 3
The given L.P.P is
Maximize 7z =20x+30) .......... (1)
Subjectto 3x+5y<15 ... 2)

x,y=0 3)



Writing the inequations as equations, we get
3x+5y=15 ... 4

x=0,y=0 ... (5)

The line (4) intersect the axis at (5,0) and
(0,3).

Putting (0,0) in the in equation (2), we get
3.0+5.0<15
= () <15 which true.

So the half plane is towards the origin.

0AB is the feasible _~

B

(0.3)

rigion where
O(O:O) A(S,O) and
B(0,3). The value of (5.0)

different points are as follows.

Point | x | y | z=20x+30y
0 |0]0 z=0
A |5]0 z=100
B |03 z=90

The maximum value of 7 =100

It is obtained at A where x =5,y =0

The given L.P.P is
Minimize z=6x,+7X, .ccc.c.. ()
Subjectto x, +2x, 22 ... (2)
X,x, 20 L (3)
Changing the inequations to equations we get
X, 42x%,=2 4)
x,=0,x,=0 .......... (5)

The line (4) intersect the axis is A (2,0)
and B (0,1)

Putting (0,0) is (2) we get
0+2.0>2

= (> 2 which is false.
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The half plane is away from the origin.
The feasibleregion v

isXABY 3 o=

The value of the 2{ —
objective funtion B
atthe cornerpoints ~ °| 1 2,3 *

are given below

Point X, X, z=6x +7x,

A 2 0 z=6x2+7x0=12

B 0 1 2=6x0+7x1=7

The minimum value of 7 is 7

It is obtained at B where x;, =0, x, =1

The given L.P.P is
Minimize z =3x, +5x,  .cco.c.... )]
Subjectto 5x, +3x, <30 ......... (2)
x +2x, <12 L 3)
2x,+5x, <20 .......... (4)
and x,x,20 ... ®)

The point (2,3) satisfies the constraints (2),
(3) and (4) and non negative restriction (5)

So the point (2,3) is a feasible solution.

But the point (-3,4) does not satisfres the
constraints and non negative restriction (5)

So the point (-3,4) is not a feasible solution.

Given L.P.Pis
Minimize z =5x+7y  .......... (D
Subjectto 2x+y>8 ... (2)
x+2y>10 ... 3)
x>0,y>20 ... (4)
Changing the in equations to equations, we get
2x+y=8 ®))
xX+2y+2=10 .. 6)
x=0,y=0 . (7)



The line (5) intersects the coordinate axes at
(4,0) and (0,8)

Putting (0,0) in (2) , we get
20+0>8
= () > 8 which is false.

So the half plane is away from the origin.

The line (6) intersects the coordinate axes at
(10,0) and (0,5)

0+2.02>10
= (0 > 10 which is false.

So the helf plane is away from the origin.

The graph of the ¥

problem is as )| e
) SN
shown is the : \
2| BN
figure. XA B e N
. o1 23 4367 88 A X
CY is the RN ilony

feasible region its vertices are
(10,0), (2,4)and (0,8)

The value the objective function is given is
the following table

Point = ¥ a—3x Ty

A 10 ¢} o T TR Y

c o a T Sx0+TuR 56

The minimum value of z is 38
itis obtained when x =2,y =4

The L.P.Pis

Miximize z =5x+3y  ......... (D)

subjectto 3x+5y <15 ... (2)
5x+2y<10 ... 3
x>0,y>0 ... 4

Changing the inequations to equations, we get
3x+5y=15 ... ®))
5x+2y=10 ... (6)
x=0,y=0 ... (7)
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The line (5) intersect the coordinate axes at
(5,0) and (0,3)

The line (6) intersect the coordinate axes at
(2,0) and (0,5).

Putting (0,0) in equations (2) & (3) we have
0<5 and 0 <10 whichistrue.

So the half plane is towards the origin.

The graph of
the problem is
an shown is the

figure.0ABC is

the feasible region whose vertices are

C(0,3). The value z at the verfices are gien in
the following table.

The the value of z at the vertices are given in
the following table.

Point x ¥ z=5x+3y

o o 2=5x0+3x0=0

2=5x2+3x0=10

20 a5 20 45 235
2 = Z=5x_43x 2 =2

19 19 19 19 19

a|lw|>»|o
N
°

o 3 z=5x0+3%x3=9

Maximum valeu of z = 21i95
It is obtained when x = 20 V= »
19 19
It is same as No-6
The given constraints are
2x+y<4 €))
x>0,y>0 ... 2)
changing the equation to equation, we get
2x+y=4 ... 3)

x=0,y=0
when x =0,y =4
when y=0,x=2



10.

The line (3) passes through (0,4)
and (2,0)
The graph is as shown

10.4)

in the figure.
0AB is the feasible

of = ow ok

region where 0(0,0),

A(2,0)and B is (0,4)
Same as no.&

Let x kg of food X and y kg of food Y are
required to prepare a mixture at least cost.
Given that 1kg of food x costs Rs. 16.00

x kg of food X costs Rs. 16 x .

GROUP-C

Long Questions

A furniture dealer deals in only two items,
tables and chairs. He has Rs 50,000/~ to invest
and has a storage space of atmost 60 pieces.
A table costs Rs. 2500/- and a chair is Rs.
500/-. He estimates that from the sale of one
table, he can make a profit of Rs 250 and
that form the sale of chairs, a profit of Rs. 75/
-. He wants to know how many tables and
chairs he should buy form the available mony
so as to maximize his total profit, assuming
that he can sell all the items which he buy?

One kind of cake required 200 gms of flour
and 25 gms of fat, anothr kind of cake requires
100 gms of flour and 50 gms of fat. Find the
maximum number of cakes which can be
made from 5kg of flour and 1kg of fat,
assuming that there no shortage of other
ingredints used in making the cakes. Make it
a L.P.P and solve it graphically.
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Also 1kg of food Y costs Rs 20.00
v kgoffood Y costs Rs. 20 y
Total costis z=16x+20y

Total units of vitamine 4 =x+2y
Total units of vitamine B =2x+2y

Total units of vitamine C =3x+ y

The formulation of the linear programming
problem is as follows.

Minimize z=16x+20y
Subjectto x+2y>20
2x+2y =12

3x+y=>8
and x,y >0

Solve the following L.P.P graphically

Maximize z =22x+18y
Subjectto x+ y <20
3x+2y <48
x20,y20
Solve the following L.P.P
Minimize z = 20x, +40x,
Subject to 36x, +6x, >108
3x,+12x, 236
2x, +x, 210
X,%, 20
Solve the following L.P.P graphically
Maximize z = 4x, +3x,
Subjectto x, +x, <50
x,+2x, <80

2x, +x, 220



Solve the following L.P.P graphically

Maximize z=2x+10y

Subjectto x+2y <40
3x+y =30
4x+3y 260

x, 20

Hints & Solutions

Let the dealer buys x number of tables and
v number of chairs. As the cost of one table
1sRs. 2500, the cost of x number of tables is
2500 x . Asthe cost of one chair is Rs 500,
the cost of ¥ number of chairs in 500 y .

Total cost x tables and y chairs is
2500 x +500 y.

As the maximum amount he can inveis
Rs 50, 000/- so

2500x+ 500y <50,000
=5x+y <100

The storage capacity is 60.

Here x and y must be non negative.
x20,y=0

Let z be the profit function
z=250x+75y

Linear programming problem is as followis.

Maximize z =250x+75y .......(1)

Subjectto 5x+ y <100 ....... (2)
x+y<60 ... 3)
x>20,y>0 ... 4)
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First we convert each inequations to
equations.
5x+y=100 ........(5)
x+y=060 U ()

To draw the line (5), we take the following
data.

¥ 100 0

The line (5) passes through (20,0) and (0,100)
putting (0,0) in the inquality.

= =

(2) we see

B(10,50)

5.0+0<100

C{0.60)¢ |

I O N

= 0 <100 which

3
>

is trueSo half plane o dsone x
Af20,0)
(2) 1s towards the origin. To drow the line (6)
we take the following data
a 60
60 0

The line (6) passing through two points (60,0)
and (10,60).

Putting (0,0) in inequation (3), we have
0+0<60.

= () < 60 which is true.
The half plane (3) is towards the origin.

Here O ABC is the feasible region where
0(0,0), A(20,0), B(10,50) and C(0,60).

The vertices of the feasible region are O(0,0),
A(20,0), B(10,50) and (0,60).



We shall find the value of the object function

at each of the vertices.

Paint ¥ » £ =250+ 75y
4] 1] [4] P IS0+ TR0 0
A 20 0 £=1250:20+ 7505000
E 10 50 2 =280 %10+ 7830 - 5250
¢ 0 80 £ 250%0+T5HE0 4500

Maximum value of z is 6250.
It is obtained at B where x =10, y =50
Let the number of 1st kind of cakes by x

and the number of 2nd kind of cakes by y .

Required numbr of cakesis z=x+y.

We write the dat in tabular form as follows.

Case Flour Fat
1st kind 200 gm 25 gm
2nd kind 100 gm 50 gm

The quantity of flours used in two types of
cakesis 200x+100y .

..200x+100y <5000

=2x+y=50

The quantity of used in two types of cakes is
25x+50y

~.25x4+50y <1000
= x+2y<40
The given L.P.P is
Maximize z = x+ y veeeeenn(1)
Subjectto 2x+y <50 ... (2)
x+2y<40 ... 3)
x>20,y>0 ... 4)
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Taking the inequations an equations

We have 2x+y=50 ... (5)
x+2y=40 ... (6)
x=0,y=0 ... (7
From equation (5), we see that
X 0 2
y 50 0

The line (5) passes through the points (25,0)
and (0,50).

Putting (0,0) in (2), we get
20+0<50

— () < 50 which towards the origin.
From the equation (6), X

we get

X 0 %@ N

y 2 ]

ol wo@omo 0os00x
{250

The line (6) passes througn
the points (40,0) and (0,20)
Putting (0,0) in (3), we have
0+2.0<40
= 0 < 40 which is true.
So the halfplane (3) is twords the origin.
O ABC is the feasible region,
Where 0(0,0), A(25,0),B(20,10),C(0,20)

The value of z at the corner points are

Paint x ¥ I-x+y
o] Q 0 z=010=0
A 25 1] T=15(10=25
B 20 1a 7 =20 -10=30(Madmum)
C 0 20 SN2 20




The maximum number of cakes =30

20 cakes are of 1st kind
10 cakes are of 2nd kind.
The given L.P.P is
Maximize z=22x+18y ......... (1)
Subjectto x+y <20 .......... 2)
3x+2y<48 ... 3)
x20,y20 .o 4)

Changing the inequations to equations, we get

x+y=20 veeeeenn(5)
3x+2y=48 .......... (6)
x=0,y=0 ... (7

From the equation (5), we have

X 0 20

The line (5) passes through (20,0) and (0,20).
Putting (0,0) in (2), we get

0+0<20

— (0 <20 which istrue.
So the half plane (2) is towards the origin.
From the equation (6),

we get

K { 16

The line (6) pass through
(16,0) and (0,24)
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Putting (0,0) in (3) we get
3.0+2.0<45
= () < 45 which is twords
O ABC is the feasible region where
0(0,0), A(16,0), B(8,12), C(0,20)

The value of z at the corner points are given
below.

Poin: . 5 7=22r1 18y
4] ¢} 4] 2_22%D+18w0_D
A i3 ¢] FRPAES LS PR
B B 12 #=22x18%12 =392
c 0 20 &= L2R0+H1ER20 - 362

The maximum value of z is 392

It is obtained when x =8,y =12
The given L.P.P is
Minimize z=20x, +40x, .........(1)

Subjectto 36x, +6x, =108 ...... (2)

3x, +12x, 236 ... (3)
2x, +x, 210 ... “4)
x,x,20 L 5)

Changing the in equations to equations,
we get

36x, +6x, =108 ... 6)
3x,+12x, =36 RPN 7))
2x,+x,=10 RN ¢} |
x,=0,x,=0 vevveeenn(9)



To drow the line (6), we take the following
data

The line (7) passes through the points (0,3)
and (12,0)

To draw the line (8), we have the following
data

The line (8) passes through the poitns (0,10)
and (5,0)
Putting (0,0) in inequation (2) we get
36.0+6.0>108
= 0 >108 which is false.
The half plane (2) is away from the origin.

Semilarly the half planes (3) & (4) are away
from the origin.
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The graph of the L.P.P is as shown in the figure.

Here X, ABCD X,

is the feasible region.

When 4(12,0),B(4,2) [

D8.18)15

C(2,6) & D(0,18)  N|**"%t"

The value at these

objective function at

these poins are given below.

Point x5 £ = Pl + 40y
A 12 Q &= 0+12+4020 - 240
B 4 2 2=20x1-10x2=160
c 2 i} 21 2-40%6 280
D 0 18 £=20-0+10x18="20

The minimum value of z is 160 and it is

obtained when x, =4,x, =2

Note, other problems can be done as
previous problems.



MATRICES

Multiple Choice Questions (MCQ)

Choose the correct answer from the given choices:

cosa sina
4, = then 4,4, is
—sina  cosa
(a) Aa +f (b) Aaﬂ
© 4,4 (d) none of these
-i 0
If A= 0 i then 4! 4 isequalto
(@ 1 (b) —i4
) -1 d 4

The inverse of a symmetric matrix (if it exists)
is

(a) asymmetric matirx

(b) askew symmetric matrix
(c) adiagonal matrix

(d) none of these

If A is square matrix of order 3 and
|24 |=n| A| then the value of n is

(@ 2 (b) 4

(c) 8 d 16

If A is a square matirx of order 3 and |A| =3

then the matrix represented by

A (adjA)is
3 0 0] [0 0 3]
0 3 0 0
(a) (b)
0 0 3] 3 0 0]
0 3 0] [0 0 3]
303 0 3
(©) (d)
0 3 0] 3 0 0]
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If

N=X (ST \9)

>~ AN

3
2
8

is a singular matrix then the value ) is

(@)
©

3
If7

(@)
(©)

1
IfO

18

26

)5 S

then the value of x+y is

(b)
(d)

7 (b)
9 (d)
3} [1 1 }
A=
1 0 -1

then the value of 4 is

(@)

(d)

If A+

(@)

©

1 —1]
_O 4_
S
0 1

L

(b)

(d)

2 0

(b)

(d)

0

22

30

|

10

0 2} then 4 is



10.

11.

12.

13.

14.

1
rAd=|1 1 | then 4100 is
2

1 0
(b) (ij
20

0
© |y ol @

@ 150 1

none of these

35
If2 4
AT

o N W

is a singular matrix then the
value of ) is
(@) 11 (b) 22
(c) 33 (d 44
If the matrix 4 satisfies the equation
1 3 1 1
A=
o 1 ]

then the value of 4 1s

4 1 1 4
@ |1 o ® o -
1 0] -1 0]
(©) 4 1 (d) 4 1
1 3] [y o] [5 6
Ifz{o x}{l 2}{1 8}
then x+y is
(@ 2 (b) 4
() 6 d 8
3
AT=-1 2

2 [—1 2 1}
If and =
0 1 1 2 3

then 47 _ BT is

15.

16.

17.

18.

19.

1159 1/

4 -3
()| |
__1 . __1 -
-1 2] (-3 0]
©] 4 2 (|}
_—3 0_ _—3 0_

1 2
IfA:{3 4} then 44 47 is

5 8 2 5]
@], 5 b5 g
5 2 8 5]
©1s s @5 2
3.4] 1 y] [7 0
It {5 x}{O 1}[10 5}
then x—y is
(a)4 (b)6
(c)8 (d)10
1 0
If [x 1]{_2 O}:Othenxis
(@) 2 b) 4
() 6 @ 8
xX—y z -1 4
If 2=y w | g 5|thenx+yis
(@) 1 (b) 2
¢ 3 @ 4
a+4 3b B 2a+2 b+2
Il g 67| 8 a-8

then the value of 4 —2p 1S

(@ O b)) 1
© 2 @ 3



20.

21.

22.

23.

24.

25.

xy 4 | |18 w
If 246 x+y o 6 then the value

of x+y+zis

(@ 4 (b) 3

) 1 d o0

1f [2x 4]{_361 =0

then the positive value of x is

(@ 2 by 3

(c) 4 d 6

a-b 2a-c| |-1 5 ‘

W 2a-b 3ct+da| [0 13)thenais
(@) 4 (b) 3

(c) 2 @ 1

2 -1 10
X + =
X107 s
then the value of x is

@ 1 (b) 2
© 3 d 4

o -14]_, 12 - |
If| _, 131 0 4 9 then 4 is
23 6 8 -3 5
@lg 35, ® 5 36
8 35 8 -3 -5
©12 3 6 D2 3 6

1 -1
If A={_l 1} and 4% =4 , then the

value of [ is
(@ 1 (b) 2
() 3 d 4

26.

27.

28.

29.

30.
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2 2
If 4= and 4° = p4, then the

-2 2
value of pis
@@ 1 (b) 2
) 3 d 4
x 5 3 4 7 6
If 2 + =
{7 y—3} {1 2} LS 14}
y—Xis
@@ 5 (b)y 6
) 7 d 8
50 4 3
If 34-B= 11 and B= 2 5 then
the value of 4 is
1 2] 3 1]
(a) _3 1_ (b) _1 2_
1 3] 1 3]
(©) 2 1 (d 2 1)
x+y+z]| [9
| Xtz |= 5
y+z | |7

then the value of x—y+z is

@@ 1 (b) 2

) 3 d 4

What is the order of the product matrix
1

212 3 4]?

3

(@ 1x1 ®) 2x2
(©)  3x3 (d) 4x4



31.

32.

33.

34.

35.

36.

X xX—y 3 1
If = then the value

2x+y 7 8 7
of y is
(@ 1 b) 2 37.
(© 3 @ 4
Form the matrix equation

x+y 4 3 4
5 3y = 5 6 then the value of x

is 38.
(a 1 (b) 2
(© 3 d 4

1 3| x 5
If 4 5|2 = 6 then the value of x is
(@ 1 b) -1
(© 2 d -2

1 213 1 7 11
If 3 4lla s = £ 23 then the value
of  is
@ 11 (b) 13
(c) 15 d 17

x+y 1 7 1
If 2y 5 = 4 5 then the value of x
?
@ 3 (b) 4
(c) 5 d 6

2x+y 3y 6 0
If 0 4 = 0 4 then the value of
x 1S

/161 //

@ 2
© 4

3y-x -2x| |5 -2
s 7075 7

of y is
@ 1
(c) 3

2x
If 5

(a)
(c) 2

1. (a)
4. (c)

7. (b)

10. (a)
13.(c)
16. (d)
19. (a)
22.(d)
25. (b)
28. (b)
31. (b)
34.(d)

37. (b)

(b)
(d)

(b)
(d)

|41
x+2y_50

then what is the value of y is
(b)
(d)

Answers

2. (c)
5. (a)

8. (d)

11. ()
14. (a)
17. (a)
20. (d)
23.(c)
26. (d)
29. (a)
32. (a)
35.(c)

38.(a)

} then the value

3. (a)
6. (a)

9. (b)

12. (b)
15. (b)
18. (c)
21. (c)
24. (b)
27.(c)
30. (c)
33.(b)

36. (b)



Fill in the blanks:

y+2x 5| [7 5
. 372 3

then the value of y is

ORI
E2% 017 o 2

then the value of A is

If[x y x]-[-4 3 1]=[-5 1 0]

then the value of y+z—x is

PEEINER
47 4 7173 2

then the value of A is

o7 e A

then the value of x+y is

x+y x-z| |2 2
ey 0 |71 0

then the value of x+ y+z is

RN

then the value of x+y is

PRER
A=,

then the value of |adj 4| is

2x 4
flein 3

is a singular matrix then the value of x is

10.

I1.

12.

15.

16.
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2x+4 4
I is 3

value of x is

15 x+y| | 15 8
If2 y_x—y3

then the value of x is

} is a singular matrix then the

A is a square matrix of order 3. The value of
n when |2A| =n |A| is

3 53
If2 4 2
AT 8

is a singular matrix, then the value of 2
is

In a matrix equation

I AN

the value of x is

oo 25 S

then the value of x+y =

If A is a square matrix of order 3 and |A| =3

then the matrix represented by A(adj A) =

If the matrix 4 satifying the equation

o s )

then the value of 4 is

The number of entries in a 3 x4 matrix is



2 3 45 '
12.
o. 450 780 13, 33
b =0 14. -1
then the order of 47 is 15. 8
1 2 2 0 30 0
20. IfAJ{l 1}{0 2}
16. 0 30
then 4 = 0 0 3
21. If [x}{ﬂ 2{ 2 } Hints. A is a square matrix of order 3 and
' 4 -1
|4]=3
then x+y =
41 ,
x—y z] [-1 4 Weknow 4~ =7 r(adi4)
22, If = | |
2x—-y w 0 5
then x+y=__ AT :ﬁA(adj A)
y [1 o}
23. It 4= then 41 —
01 S :>1=%A(ade)
1 -1 4 2 :
A= B= — A(adj A) =3I
24, If {2 3} {_1 _2}
then 45— 1 0 0] |3 00
2 : 4 2 8 3 =30 1 0{=|0 3 O
Xy
+ = 0 0 1 0 0 3
25 I‘{l 3} {0 —J L 2}
then x+y = [1 4}
17.
Answers 0 -1
1 3 18. 12
1 19. 4x3
2 -1 2 [1 —2}
20
3 14 -1 1
2 4 21. -6
4 7 _4 22. 3
5.3 )3 10}
10 1
6 1 L
L2 5 4
8 -l 4. |5,
9. 4 L
25. 3
10. 4
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Answer in one word

If 7, is an identity matrix of order » and f a

natural number then what is the value of 7%

If 4 isa 4x5 matrixand g is a matrix such
that 47 and 47 both are defined, then

what is the order of g
3 53

If 2 42 is a singular matrix then what
AT 8

is the value of ) ?

If 4 be an invertible matrix then what is

det(4) 2

What is the value of
cos’x sin’x sin®x  cos’x
= 2 2 + 2 =2 ‘)
sin“x cos” x cos”x sin“x
What is the value of

cos@ sinf
cos ]
—sin@ cosé

} +sin@
sinf —cos@
cos@ sind

1 0 3 2
[F2X+Y = Y =
-3 2 1 4

then what is value of y ?

& PN

then the value of x+y is?

e T

then x+y =?

10.

I1.

12.

13.

14.

15.
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If[I 2 3] 4=[0] then the order of the

matrix 4 is?

13A_1 1
Iflg 117710 - then 47

1

=0 then x =?
X

11 2 1
If 4= 2 9 B = )1 then 4p ="

If 4 is a square matrix of order 3, and

13
gl x 10 5
0 3

[\ R \S)

|2A| =n |A| then what is the value of n ?

x
If [2x 4][—8}=0 then the +ve value
of x 1is?

Answers
1

n

Hints. /, is an identity matrix of order n k
1s a natural number.

IF=1,x1 x.......... k times= I,

4x5

Hints: A isa 4 x5 matrix.
- ATisa 5x 4 matrix.
Let p be as mxn matrix.

In order that 47 g is definded; the number of
column of 47 _ the number of rows of B,
sm=4
In order that g 47 is defined, the number of
columns of B — the number of rows of
A7 =5

=>n=>5
Then B isof order 4x5.



10.

33 9.
1 10.
det 4
_ 11.
11
11
12.
10
101
13.
-1 -1
2 -1 14.
6 15.
Write the answer in one sentence
Define a square matrix. I1.
What is a diagonal matrix.
12.
What is an identity matrix?
When two matrices are said to be equal?
13.
Define lower triangular matrix.
Define a null matrix.
Define upper triangular matrix.
x+y 2 6 2
If =
S5+z xy 5 8
14.
then find the values of x,y and .
Write down the matrix
4y Ay Gy | N ) ) 15
@, a, a, if aij =2i+3 .

Define adjoint of a matrix.
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3x1

Define the inverse of a matrix.

PR
A=y,

then what is the adjoint of 4.

Evaluate

[a b]m+[a b oc d

a
b
c
d

2 -1
. - A=
Given a matrix [4 2},

1
find matrix j4 whare k = Y

11
If 4= L J satisfies 4* = 1 4

then write the value of )



Answers

A matrix A is said to be a square matrix if the
number of rows and columns of A are equal.
If the number of rows and column are same,
then the matrix is called a square matrix of

order n.

A square matrix A is said to be a diagonal
matrix if all the elements except the elements
in the main digonal are zero.

is a diagonal matrix.

A square matrix is said to be an identity matrix
or unit matrix if all the off diagonal elements
are zero and the elements along the main

diagonal are equalto 1.

Then is an identity matrix.

S = O

0
0
1

(R e

Two matrices A and B are said to be equal if
(i) they are of the same order and (i7) each
element of A is equal to the corresponding

elements of B

be a; =b, forall i & j

A square matrix 4 = [ag— ]w is said to be a

lower triangular matrix if all the lements lying
above the prinipal diagonal are zero i.e

a; =0Vi<j

A matrix having all its elements as zero is called

a null matrix or zero matrix.

0 00
0 0

1e 0 is a null matrix
0 0 O

1166 //

A square matrix 4 = [a,»j ]m is said to be an

upper triangular matrix if all the elements lying

below the main diagonal are zero.

iea;=0alli>j

Given that

[x+y 2}_|:6 2}

5+z xy 5 8

=>x+y=6

xy =38

S5+z=5 =z=0

(x=p) =(x+y)’ —4xy
=36-4.8
=36-32=4
=>x—y=2

Sx=4,y=2,z=0

a, =2i+3j
soa,=21+31=2+3=5
a,=21+32=2+6=8
a,=21+33=2+9=11
a, =22+3.1=4+3=7
a,, =2.2+32=4+6=10

4y, =22+33=4+9=13

lay ay ag :5 8 11
la, a, ay| |7 10 13



10.

11.

If A be a square matrix then the matrix

obtained by transposing the matrix formed by 12.

the cofactors of the elements of A is called
the adjoint of A.

All A12 A13
Matrix of the cofactors Ay Ay Ay
A31 A32 A33
All AZl A3l
Adjointof 4| 4o Ao As 13,
Al3 A23 A33
If A and B be square matrices of the same 14.
ordersuch that 4B — 1 = p4 where | isthe
identity matrix then B is called the s

multiplicative inverse of A. It is written as 4-!.

1167 1/

1 3
A=

9 2
4, = cofactorof 1=(-1)""'.2=2
A, = cofactor 3 =(~1)"?9=-9

4, =cofactor of 9 =(~1)""3=-3

4,, = cofactor 2 =(-1)*2.1=1

2 -9
.. Matrix of the cofators = {_3 1 }

o e 2 3
Adjointof 4 = 9

[ac+bd+a2 +b* +¢? +d2]

g L
2
2 -1

The value of | =§



GROUP-B
Short type (Questions & Answers)

Ifthe matrix 4 issuch that 6.  Find the inverse of the matrix
P [ 12
2 37|71 0 12
1 21
then find 4
Find the inverse of the matrix 0 —tan? 9
A=
00 2 7. If , 0 0
0 2 0 tan 5
200 then prove that
1 -2 2 Ay e sec? @
IF A= ond det[(1+A)(] A) ] sec” 2
31 -1
1 20
2 A=/ 0 1 3
B=|1 2 8. IfT
-2 53
3 -1

. r then verify that 4 4' is symmetric and
then verify that (4B) = B" 4" ¢ isskew symmetric.

) {3 —4}
If 4=
1 -1 1 2 3
then show that 0. It A=3 -2 1
. | 1+2k -4k 4 2 1
AF =
kK 1-2k
then show that
If A, B, C are matrices of order 2 x 2 each and A —234-401=0
1 2 r
_ a 0
2A+B+C{3 o] 0. 1 A= J and
e BaC 0 1 B_‘l 0
TRy g and BER
| 2 then show that for no values of o, 4*> = B
A+B-C
[1 0} -1 3 5
then find 4, B,C i 45 S henfind g p
T -1 3 5
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12.

13.

14.

15.

4o 3 1
Prove that 4= 1 9

= A*—54+71=0

Construct the matrix [aﬁ ]M

Where a; = |i—j|

PR |2 !
If_zzaand—zl

then find AB and BA

4x x=2u | |8 6
It 2u+v 3v=2w| |3 5
then find x,u,v,w

Hints & Solutions

Given matrix equation is
1 -1 4 1
A=
NN
1 274 1
= A=
2 3 7 7
127 a3 1
2 3| 5021

From (1) & (2) are get
1|3 1|4 1

A=—
S5(=2 1|7 7
[-12+47 3+7
—2+7

1
50 8+7

1[5 10
5115 5

e

2)
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0 0

0 0 2 00 2
Let 4=[0 2 0 |4]=|0 2 0/=-8
2. 00 2 0 0
1+1 O
A, =cofactor of 0=(1-1) —0

4,=0, 4,=-4,4,=0,4,=-4,
Ay, =0, 4, =-4,4;,=0,4,,=0

Matrix of the cofactors

0 0 —4
-0 -4 0
4 0 0

Adjoint of 4 — transpose of the matrix of

cofactors
0O 0 -4
|0 0 A= (adid)
4 0 0 |4]
0 0 l
| 0 0 —4 1 2
_8 2
-4 0 0 !
0 0 —
L 2
Given that

2 4
1 -2 2
A:|: :|’B: 4 2
31 -1
3
1 2 2 2 4 r
AB= | 2| |6 2

ey |6 4
B =\, s )




[6 4
=l 5 15 en(2)

From (1) & (2) we have

(4B) =B"A"

4o 3 4
Let =1, 4
We shall show that

4 - 1+2k -4k
Tk 1-ok coreen(1)

Let P(k) be the above statement (1) forst we
shall show that P(1) is true.

Taking t =1 in(1), we get

Lo 1+2 4 3 4
A = = 5.
1 1-2 1 -1

which is true.

so P(1) istrue.

let P(m) be true.
o 1+2m —4m
e o 1= 2 | )

We shall have to show that P(m +1) is true.

LH.Sof P(m+1)= 4 = 47 .4
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[142m —4m [3 -4
Lom 1-2m[1 -1

[(1+2m)3-4m —4(1+2m)-4m(-1)
S| m3+(1-2m)  —4m—(1-2m) }

—2m—1

[3+2m —4-4m
__ m+1

1+2(m+1)  —4(m+1)
Tl e 1—2(m+1)}

=RH.S of P(m+1)

so P(m+1) is true.

Here we see that (1) P(i) is ture

(i1) P(m) istrue = P(m+1) is true.

So according to the principle of induction
P(k) istrue.

. | 1+2k -4k
ied =

kK 1-2k
Given that
24+ B+C= b2
=13 0 ceeeernn(1)
o0 T
A+B+C=_2 1| )
-
A+B—C=_1 0 N E)

Subtracting (2) from (1), we get

afy s L

Subtracting (3) from (2), we get



211 1 1 1
2 2
From (2), we get
1 1
1 1 B 0 1
+B+ 2 2|
1 -1 1 2
2

1 2
I 2
2 1

=1(1-4)-1(0-2)+2(0—1) =3

Again the matrix of the cotactros

3 2 -1

=3 -1 -1

0 -2 1
-3 3 0

Adjointof 4= 2 -1 -2

|

A
Given that . 0

(D)

1 0 0 —tang

tan Q 0
2
1 tan Q
_ 2
—tan Q 0

2

We shall find the matrix of the cofactors of
the elementsof j _ 4

Here

4, =1
Matrix of the cofactors of 7 _ 4

1 tang
_ 2
—tan— 1
2
1 —tan—
Adj(1 - 4)=

tan— 1
2



sec’ — [
> tan > 1

LI+ A)(I-4)" =
tan — 1
2

| 1 —tanE

sec?? tan? ]
2 2

2
= 10{(1—‘[%2&) +4tan2g}
sec? 2 2 2
2
2
= ! .(1+tan29j
, 0 2
sec” —
2

172 7/

A= 0 1
-2 5 3
1 -2
A=[2 1 5
3
1 20 1 0 =2
SA+A' =10 1 3(+[2 1 5
-2 5 2 0 3 3
[ 241 240 0-2
= 0+2 1+1 3+5
_—2+0 543 3+3
(3 2 =2
=| 2
-2 8
which is a symmetric matrix.

Similarly 4_ 4' is a skew symmetric

Given that

1 2 3
A=(3 2 1

4 2 1
A =Ax A
1 2 3][1 2 3
=3 -2 1}|3 -2 1
4 2 1]|4 2 1
[1+6+12 2-4+6 3+2+3
= 3-6+4 6+4+2 9-2+1
_4+6+14 8—4+2 12+2+1
19 4 8
=1 12 8
14 6 15




10.

19 4 8
BoA2xa=|1 12 8|x|3
14 6 15| |4 2
(63 46 697
=169 -6 23
192 46 63
AP —234—401
(63 46 69] 1 2 3
=169 -6 23|-23]3 2 1
192 46 63 4 2 1
1 00
—40/0 1 0
0 0 1
63 46 691 [23 46 69
=169 -6 23|-|69 —46 23
92 46 63| |92 46 23
40 0 0 00 0
10 40 0|=|0 0 0[=0
0 0 40| |0 0 0

a 0
GiventhatA:{ }B:{

A2:A><A:{

|a*+0 0 |
a+l 0+1 a+l 1

Giventhat 42 _ g

-7 s ]

[am—

—g*=1and g +1=5

—sa=+1and g =4

Then for no values of ¢, 4> = B

14.

15.

117311

& 12 proced as above.

i X 1 a‘l
Given matrix 15[ i Los

|9 Gy Gy

a, ay a,
oy =[1-1]=0
a, =[1-2|=1
a,=|1-3]=2
a, =[2-1=1
ay =[2-2/=0
ay =2-3|=1

0
1

S =

They (1) be comes {

11
: A= B
Given that 2 2]

1 1][2 1
AB =
{2 2}; 1}

[2+2 1417 [4 2
|4+4 2+42| |8 4

sl ]

B 242 242 3
1242 242

Exercise to the students.

(1)

i
{1

4 4
4 4



GROUP-C

Long type (questions and Answers)

y 2 1 3 3 2 1 2 3
= = -1
27 o 1| find (4B) o 21 4
7.  Find the inverse of the matrix
1 1 2 1 0 2
. ) .10 1 2 ) ) .
Find the inverse of the matrix 8.  Solve the following equations by matrix
21 method.
1 =2 1 3x-2y+z=1
IfA: 0 -1 1 2x+y—5z=2
2 0 -3
x—y—-2z=3

-1
then fmd 4tand hence solve the system of 9.  Solve the following eqations by matrix
equations

inversion method.
x—2y+z=0, —y+z=-2,
x+y+z=4
2x—-3z=10
) ) 2x—y+3z=1
Find the matrix 4 such that
2 -1 -1 -8 -10 3x+2y-z=1
1 0|4=|1 -2 -5
10. By elementary operation find 4-! for the
3 4 9 22 15 Y op A
1 1 O
2 2 -4 - -
following 4 b
pd=—4 2 -4 and I =12
2 -1 5
4 -2
I -10 11. Find the inverse of the matrix 31
B=(2 3 4
o 1 2

using elementary row transformation.

then find B4 and use this to solve the 12, Verify that [AB] = B” 4"
equations x—y =3,2x+3y+4z=17 and

y+2z=17 1 2 3 1 2 3
Where 4=/ 6 7 8[.B=|3 4 2
6 -3 4 5.6 1

Find the inverse of the matrix

—_— O
N =
— NN
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Hints & Solutions

2 1 32 _ _
11 2 1 . =13 -1 -1
Matrix of the cofactors
2 173 2 0 =2 1
B2 0
-3 3 0
[23+12 22+1.1 AdjA=|2 -1 -2
13422 1.2+2.1 -1 -1 1
_[8 5} 1 2 1
7 4 ~lo -
N 3. GiventhatA 0 -1 1
g 5 2 0 -3
|4B|= =32-35=-3
7 4
1 -2 1
cofactor of 8 = (—-1)'"' 4 =4 l4=l0 -1 1|=1
cofactor of 5=(-1)"*.7=-7 2 0 3

cofactor of 7 = (-1)*"'.5=-5
cofactors of the elements of |A| are as follows
cofactor of 4 = (-1)*>.8=8

4,=3, 4,=2, A4,=2

4 -7
Matrix of the cofactors=[_5 8} Ay=-6 A4,=-5 A,=-4
4 -5 Ay =-1 Ay, =-1 Ay =-1
Adj(AB) =
J {_7 g} 32 2
(4B)" = 1 Ad'(AB)—l 4 -5 Matrix of the cofactors ~| © >
T 3|-7 8 -1l
3 -6 -1
112 AdiA=]2 -5 -1
LetA:O 1 2 v 4 1
1 21
3 -6 -1
A,, = cofactor of | )
A :m(ad]A): 2 -5 -1
1 2
1:(—1)1”2 1‘:1_ =-3 2 4 -1
Given system of equations is
A,=2,4,=-1 x=2y+z=0
Ay =3 Ay =—1 Ay =—1 Ox—y+z=-2
4, =0 Ay, =-2 A;=1 2x+0y—3z=10
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1 -2 1 |«x 0 2a—d 2b—e 2c—f
=10 -1 1 ||y|=]|-2 = a b c

2 0 3|z| |10 3a+4d -3b_4e 3c+4f
= Ax+B - =8 10
Where o

9 22 15

1 =2 1 x 0 b2 5
Ao 1 1 x=|y ,B: ) Sa=1,0=—4,C=—

5 0 3 Z 10 2a—d=—1=>d=2a+1=2.1+1=3

2b—e=—-8 = e=2b+8=2(-2)+8=4

=x=A4A"B 2c— f=-10= [ =2c+10=2(-5)+10=0

X 3 -6 1|0 1 -2 -5

A=

=lyl=|2 -5 -1} -2 3 4 0

z 2 -4 1|10 5.  Given that

[3.0- 6.(-2)+ (=1).10

2.0 5()2(310 22 Lo
=12.0+(=5).(-2)+ (-

» (4)(2) (1)10 A=|-4 2 -4|B=|2 3 4

O+ (4)(-2)+(-1).

i -2+ (1) 7 _1 5 0 1 2
-2

. 1 -1 0][2 2 —4
_2 BA=|2 3 4| -4 2 -4

- 0 1 22 -1 5

Sx==2,y=0,z=-2

(24440 2-240 —4+4+0
Given that =|4-12+8 4+6-4 —-8-12+20
2 -1 -1 -8 -10 | 0-4+4 0+2-2 0-4+10
1 0 A= -2 =5
..... (1) 6 0 0
34 |9 22 15
A should be of the order 2 x 3 0 0 6
a b c = BA=61
Let 4= o -1
a e f Multiplying B~', we get
From (1), we have B'BA=61B"
= A=6B"
2 -1 -1
lo[abc}zl o2
3 4|4 e |y :>B“=gA=g —4 2 -4
2 -1 5
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Given system of equations are
x—y=3
2x+3y+4z=17
y+2z=17
=>x-y+0z=3

2x+3y+4z=17

Ox+y+2z=7

1 -1 0|[«x 3
=2 3 yi=17

0o 1 2 |z 7

X 3]
=B|y|=|17

z 7_

X 3]
=|y|=B"17

z 7_

2 2 43 2
=é -4 2 417 |=|-1

2 1 5_ 7 4

Lx=2,y=-1,z=4
6.& 7 same as No. 3
8. The given equations are
3x-2y+z=1
2x+y-5z=2

x—y—-2z=3

10.

71

1

Where
3 2 1 X

A=|2 1 S|,x=|y|,B=|2
1 2 =2 z

=x=A"'B= i(adj A)B

14
32 1
[4=2 1 -5=12
11 =2

Matrix of the cofactors

3 -1 1
=3 -7 -5
9 17 7

3 -3 9

adi A=|-1 -7 17

1 =5 7

From (1), we get

] [3 o
LS BRI P

Y1 2

; 1 =5 73

2
=|3| . x=2,y=3,z=1
1

Same as No. 8.

Given that
1 1 0
A=|1 -1 1
1 -1 2

3

:l 36
2
12



We know 4 = 14

1 1 0] [t oot 1 0
=1 -1 1|=[0 1 0|1 -1 1
1 -1 2] [0 0 1|1 -1 2
100
=0 1 0|4
00 1
1 0] [1 00
=0 =2 1|=[-1 1 0|4
0 =2 1| |-1 0 1
R,—>R,-R,
R, >R, -R,
1 o] [1 0 0
=0 =2 1|=[-1 1 0|4
0 0 1 0 -1 1
[R, > R,—R,]
11 0 1 0 0
—lo 1 Lol Loy
21 (2 2
00 1 0 -1 1
1
R2—>—§R2
Lol [T 00
=lo 1 o|=|L1 1 L4
00 1] |2 2
1 -1 1

1, 1
1 0 0] |2 2
=0 1 0]|= l -1 l A
0 0 1 2 2
1 -1 1
(Rl_)Rz_Rz)
r, 1
2 2
= A4 = LI
2 2
1 -1 1

PRER
. Letd=|,

We know 4 — 14
4 2 1 0
= = A
_3 1} {O J

4 2] [1 0],
“l2 4|70 4! [Re—4R)]

4 2] [1 0 )
1o 10]7|=3 4] R R 3R]

[20 -10 5 0
= = A
10 10 -3 4

[R, = 5R]

20 -10 2 4
- =
0 10 -3 4

[R, >R +R,]
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2 4 22 28 10

1 0] |20 20 _
:{ } 20 20, =167 88 40
013 4 17 24 16
10 10
! ! 2 67 17
Rl—)z—ORl,Rz—)ERI
(AB) =|28 88 24 )
1 0] 1[2 4 10 40 16
= =— A
0 1] 10/-3 4
A_lzi{Z 4} 1 6 6 135
10[=3 4 A=|2 7 3| B'=|2 46
2 4 38 4 32 1
_| 1010
3 4 13 51 6 6
1010 B'A =2 4 6|2 7 -3
12. Given that 3 2 1|3 8 4
1 2 3 12 3
A=|6 7 8|,B=|3 4 2 2 67 17
6 -3 4 5 6 1 ~|28 88 24 @
10 40 16
1+6+15 2+8+18 3+4+3
From (1) & (2) we get
= 6421440 12+28+48 18+14+8
6-9+420 12-12+24 18—6+4 (ABY — B AT
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DETERMINANTS
Multiple Choice Questions (MCOQ)

A. Choose the correct answer from the given choices:

1.

The value of 5. Whatis the value of
102 18 36 —cosec’d sec’d 0.2
1 3 4. cot’ 0 —tan’0 1.2 o
is ?
17 3 6 -1 1 1
(@ 2 b) 1 (@ -1 b)) 1
(¢ 0 d -1 ¢ 0 @ 2
What is the value of 6.  What is the value of
a-b b-c c—a 1 x y
b—c c-a a-b 0 sinx siny|,
c-a a-b b-c 0 cosx cosy
@ 0 b) 1 @ sinx-y) ) cos(x—y)
() 2 d 3
(c) tan(x—y) (d) cot(x—y)
! 1 b
a ¢ 7. What s the value of
1 1 ca sin’@ cos’0 1
What is the value of Zl) ? cos?O sinl0 1 )
— 1 ab -10 12 2
c
@ -1 - @ 3 ®) 2
© 1 @ 2 c) 1 d o
What is the value of 8.  If w isthe cube root of unit, then
2
1 0 -5863 I o o
2
—7361 2 7361 0)2 o 1)
1 0 4137 o 1 o
(@ 5000 (b) 10,000 (@ O b) 1
) 15,000 d) 20,000 © -1 d 2
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10.

11.

12.

13.

What is the value of

0 8 0
25 520 25,

1 410 0

@ 150 (b) 200
© -250 d) 250

What is the value of the determinant

1 a b+c
1 b c+a 9
1 ¢ a+b

(@ 0 b) 1
() -1 d -2
What is the value of

2 3 4

568?

6x 9x 12x
(@ 2 b) -1
c 1 () 0
What is the value of

4 a b+c
4bc+a9

1 ¢ a+b
(@ -1 b) 1
) 0 d 2
What is the value of
a-b-c 2a 2a
2b b—c—a 2b o
2¢ 2c c—a-b
@  a+b+c ®) (a+b+c)
) (a+b+c)y (W (a+b+0o)

14.

15.

16.

17.

18.

19.

/181 /1

X =x+1 x-1
1S ?

The value of

x+1 x+1

@ xX-x*+3 b FP+x*+3
© x*+x+2 d  P-x*+2
2 7 65
Whatis the value of [° & 72]2
5 9 86
@ o0 (b) 4
(c) 8 (d) 10

1+x X x?

el X l+x x°

x* X 1+x

= a+bx+cx’ +dx® +ex' + fx° then the
value of ¢ is ?

(@ 1 b 2
© 3 (d 4
a b c
If b a b=0
x b c

then what is the value of x ?
@ a ® b
© ¢ (d  a+b+c

If every element of a third order determinant
of vlaue 8§ is multiplied by 2 then what is the
value of the new determinant?

(@ 8 (b) 16

(c) 64 (d) 128

Let the value of a third order determinant be
A and each element is multiplied by 2, then

what will be the value of the new determinant?
(@ 2A (b) 4A

© 8A d 16A



20.

21.

22.

23.

24.

25.

What is the maximum value of

cos X sin x

—sinx cosx—1

(@ 0 (b) 1

() 2 d 3
2x 5 B 6 -2

It 8x x| |7 3

then what is the value of x ?

(@ +4 (b) 45
© 16 d 7

If w is a complex root of 1 and

1 o o
o A 1[=0
o 1 o
@@ 1 (b) 2
c) 3 (d) any real number

If

3x 7_87
2 4 |6 4

then what is the value of x ?

(@ 0 (b) -1

(c) -2 d -3
x+1 x-1| |4 -1

M3 xe2[ 7)1 3

then what is the value of x ?

(@ 1 b) 2

() 3 d 4

If A be a square matrix of order 3x3 and

|A| =4 then what is the value of |2A| ?

(@ 4 (b) 8
© 16 d) 32

26.

27.

28.

29.

30.

31.

1182 /1

If Aij is cofactor of the elements a; of the

2 -3 5
determinant 6 0 4 then what is the
1 5 -7

value of a;,4,,

(@) 108 (b) 100
(c) 92 (d) 88
X x|l 3 4
Bl ™ 2
then the positive value of x is
(@ 1 b 2
) 3 d 4
x 4
If =0 then the value of x is?
2 2x
@ 41 ® +
(© 43 (d) +4
. a+ib c+id
What is the value of —etid a—ib ?
(@ 4*+b°
®)  p+2
) +d?
D +p*+2+d?
What is the value of
a+b+2c a b
c b+c+2a b N
c a ct+a+2b
@ 2(a+b+c) (b) 2a+b+c)
() 2a+b+c)y @ 2a+b+c)
1 2 1
What is the value of 2 4 3 ?
3 6 -9
(a) 47 (b) 27
© 1 d 0



32.

33.

34.

35.

tanx secx
The value of secx  tanax
(@ 1 (b) -1
) O (d) None of these
If @ is the maginary cube root of 1, then
1 o 91
o o 92/=?
o ® 98
(@ 91 (b) 95 3
(¢ -1 @ 2
The minimum value of
sin x COSX
—cosx l+sinx
4.
@ o b) 1
(c) -1 d 2
What is the value of
a+d a+d+k a+d+c
c c+b c 5.
d d+k d+c
(@  4abc (b)  3abc
()  2abc (d) abc
6.
Answers
1.(c) 2.(a) 3.(b) 4.(d)
5.(c) 6.(a) 7.(d) 8. (a)
9.(b) 10. (a) 11.(d) 12.(c) 7
13.(c) 14.(d) 15.(a) 16.(a)
17.(a) 18.(c) 19.(c) 20.(a)
21.(c) 22.(d) 23.(c) 24.(b) 5
25.(d)  26.(a) 27.(b) 28.(b) '
29.(d) 30.(c) 31.(d) 32.(b)
33.(c) 34.(a) 35.(d)
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Fill in the blanks:

If each constituent of a third order determinant
(#,0) is multiplied by 2 then the determinant

is multiplied by .

If

el
S = O
- o O
Il
= O O
S = O

1
0
1

(e

The minimum value of

sin x Ccos X

—cosx l+sinx
is
The value of

224 777 32
735 888 105| _
812 999 116

The value of

—cosec’d sec’d 0.2
cot’ 6 —tan’0 1.2
-1 1 1

The value of

a+3b a+5b a+7b
a+4b a+6b a+8b|=
a+5b a+7b a+9b

The value of

xX—=x+1 x-1 B

x+1 x+1

The value of

b+c a-b a
cta b-c b|=

a+b c—a c

then x =



9. If a,b,c are in A.P, then the value of 16.  The value of

x+1 x+2 x+a X 5 y+z
x+2 x+3 x+b|= y 5 z+x|=
x+3 x+4 x+c z 5 x+y
10. The value of X+y+2z z z
X y+z+2x X =
0 sinx —cosx 7. If
‘ . y y z+x+2y
—sinx 0 siny
cosx —siny 0 k(x+y+z) then f =

18. The value of
11. The value of

1 2 1
2sin @ —20059' 5 4 3|o
cos@ sing |S——

3 6 -9

12.  The value of
19. The value of

0O 5 -8 -9 2 7
-5 0 2= 3 16 4 |=
8§ -2 0 18 -4 -14
13. The value of 20. The value of
X+y y+z z+Xx 2 0 0
z X Yy = 41 7 0|=
1 1 1 139 -17 10
14. The value of 21. The minor of the element in the first row and
2nd column is
l l l 22. The cofactor of element in 3" row and 2nd
X y z column of
x2 y2 Z2 —
1 2 3
vz zZx Xy
2 1 4.
is
1 0 2
15.  The value of 23. If @ is the imaginary cube root of 1, then
-6 0 0 1 o 91
3 -5 7= o o 92|=
2 8 11 o> ® 98
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24.

25.

26.

27.

28.

29.

30.

The value of

sinx cos’x 1
cos’x sin‘x 1|=
-10 12 2

If @ is the inginary cube root of unit, then
2 o o

o o 1|=
2

2
o 1 o
aa, aa, aa, a b ¢
It ab, ab, ab,|=kla, b, c,
ac, ac, ac a, b, ¢

then f =

The value of

0 b—a c—a
a—>b 0 c—b|=

a—-c b-c 0

The value of

—_
p—
[u—

602
(04
If x,y,z are all different from zero and
1+x 1 1

1 1+y 1 [=0
1 1 l+z

I 1 1
then —+—+t-=
x z

The value of

2 3 4
5 6 8 |=
6x 9x 12x

N kR -

10.
I1.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

22.

23.
24.
25.

26.
27.
28.

29.
30.
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Answers
8
-1

0
0
0
0

¥ —x*+2

—(a3 +b*+¢° —3abc)

S O O NN O O

666

140



10.

Answer in one sentence:

2

x+1 w w
It w o ox+w 1 |=0
w? 1 X+w

then what is the value of x.
xX—a 0 0
a x—b 0 |=0

a b x—c

If

then what are the value of x.

For what value of x, the matrix

y 2(x+1) 2x
_ o o
X o |1sa singular matrix?

For what value of x, the matrix

5-x x+1
7 4 is singular.

cos15” sin15°

What is the value of sin75°  cos75°

What is the value of the determinant

020
23 4?
4 5 6

If

2x+5 3
5x+2 9
then what is the value of x ?

What positive value of x makes the following
pair of determinants equal?

2x 3| |16 3
5 x| |5 2

31
IfA4= {2 _3} then find |ade|.

X X

If

3 4
2

then write the positive value of x.

1 x

1186 /1

Hints & Solutions

x=0
Hints : Given that

2

x+1 w w
w o ox+w’ 1 (=0
w? 1 xX+w
2 2
x+1+w+w w w
=lw+x+w +1 x+w 1 |=0
w+l+x+w 1 X+w
X w w?
=Ix x+w 1 |=0
X 1 X+w
1 w w
=x[l x+w 1 (=0
1 1 X+w
2
=xx =0
3
=x =0
=>x=0
x=a,b,c
x—a 0
) a x—>b =0
Hints
a b xX—c

:(x—a)[(x—b)(x—c)—O]zO
=((x—-a)(x-b)(x—-c)=0
=x=a,b,c.

x=-2

Reason: The matrix

2(x+1) 2x
A= is a singular matrix

X x—2
(x+1) 2x 0
N X x—2|




=2(x+1)(x—-2)-2x>=0

= -2x=4
=>x=-2

4. x=3

5. The given determinant

cos15® sin15°

sin75" cos75°

=c0s75%cos15° —sin 75" sin 15°

= cos(750 +15°)
=c0s90" =0

6. 8

7 -13

8 x=4

9 -11
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Answer in one sentence:

Define the minor of an element in a

determinant.

Define the cofactor of an element in a

determinant.

If the vertices of a triangle are (x,, y,),(x,,»,)
and (x;, y,), then write the area of the triangle

in determinant form.

Determine the value of the determinant
1 2 3
4 5 6
7 8 9

Find the value of the determinant
X a x+a
y b y+b

z ¢ zZ+4c

If a; is the element is the ;# row and ;"
column of a 3rd order determinant whose
value is 1 and ¢; is the cofactor of a; then
what is the value a

all(cu + c21) + a12 (clz + 622) + a13

(€3 +¢p3)?

What are the value of x and y if

X y x 3

| g T fand| =t
What is the value of

224 777 32

735 888 105

&12 999 116



10.

What is the value of f if

aa, aa, aa, a b ¢
ab, ab, ab,|=kla, b, c,
ac, ac, ac, a, b ¢

What is the value of the determinant

1 0 -5863
-7361 2 7361 o
1 0 4137
Hints & Solutions

The minor of am element a n a determinant
is the determinant of just lower order obtained

by deleting the ;# row and ;" column.

The cofactor of any element a; in a

determinant is defined (-1)"/ M, where

M ; is the minor of a;, .

C. = (—1)”’ M, where C;; is the cofactor

y

of a,

The area of the triangle whose vertics are

(X153, (x5, ¥,) and (x5, 3) is

1 x o»n 1
A=—|x 1
e Ya

X,y 1

~N B~ =

2 3
5 6/=1(45-48)-2
8 9

(36—-42)+ 3 (32-35)
= —3-2(=6)+3(=3)

=-3+12-9
=0

/188 /1

The given determinant
X a x+a
=y b y+b

z ¢ z+c¢

xX+a X Xx+a

=ly+b b y+b/=0

z+c ¢ z+c

a (¢ +¢y) T a6y +Cp) +as (e +¢y3)
= (a0 + a0, +a5505) + (4,65, + 4,565
+a,3¢53)

=1+0=1

x 3
y 2

Xy
1

=2 & =1

=>x—-y=2 &2x-3y=1
=>x—-y=2

2x-3y=1

=>x=5y=3

224 777 32
735 888 105
812 999 116

7x32 777 32
=|7x105 888 105
7x116 999 116

=7x0=0



Group -B
Short type (Questions & Answers)

, 9.  Show that
x+1 w
Solve | W Xt w? =0 a’+1 ab ac
w I x+w ab b*+1 be |=l+a’+b* +c
ac bec c*+1
0 x+a x-b
Solve [¥ T4 0 x—¢/=0 10. Solve for x
x+b x+c
15-2x 11 10
Show that 11-3x 17 16/=0
a—-b-c 2a 2a 7—x 14 13
% b-c-a 2b |=(a+b+c)
2¢ 2 c—a—b 11.  Find the value of
Prove without expanding that 17 58 97
bc a a| 1 & o 19 60 99
ca b b=l »* b 18 59 98
ab ¢ | 1 & ¢
) ) ) . I+x 1 1
Without expanding factorize the determinant
I 1+x 1 [=0
303 2 12.  Solve
roomaoox o X 1 1 1+x
b-a> b b
3 3 2
c—-a ¢ c v—a 0
Show that (a +1) is a factor of 13, Solve| ¢ X0 =0
a b x-c
a+l 2 3
I a+1 3 14. Provethat
3 -6 a+l
P N 1 1 1
rove that a b cl=(a-b)(b-c)c—a)
a b c |y b g |x y z a b
X y zl=|x a pl=lp q r
p q rl |z ¢ rl la b c 15.  Without expanding prove that
Factorise 12 2 4 5 1| 12 4 8 10 2
£ 1 52 -1 14 1 -5 2 -1
Xta b < 6 4 a 3 2/=|3 4 a 3 2
b x+c a -0 2 1 3 4/ |5 2 1 3 4
c a x+b 2 4 6 8 -5 |1 4 6 8 -5
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16.

17.

18.

19.

20.

21.

22.

Prove that
1 a a
a 1 .
is a perfect square.
a a

Without expanding find the value of the
determinant

36 9
2 4 -6
8 16 24

Prove that

l+a 1 1

1 1+bh 1 :abc(l+l+l+lj
a b c

1 1 1+c

Prove that
a+b+2c a b

c b+c+2a b

c a c+a+2b
=2(a+b+c)

If x=cy+bz,y=az+cx and z=bx+ay
where x, y, z are not all zero, then prove that
a® +b* +¢* +2abc =1 by determinant

Eliminate x, y,z from

Using properties of the determinants,

Prove that
b+c c+a a+b a b c
qg+r r+p p+q|=2p q r

y+z z+x x+y X y z

23.

24.

25.
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Prove that

a-+x y z

x a+y z |=ad(a+x+y+z)
X y a+z
Prove that
b+c a a

b c+a b |=4abc

c c a+b
Prove that
a a* be
b b ca|l=(a-b)b-c)c—a)
c ¢ ab
(ab+bc+ca)

Hints & Solutions

The given equation is
x+1 w w?

w o x+w 1 |=0

w? 1 X+w

Xx+1+w+w w w?
=Slw+x+w’ +1 x+w 1 |=0
w+l+x+w 1 X+w

(¢, > ¢ +c,+cy)

2

x+0 w w
=[x+0 x+w 1 |=0
x+0 1 X+ W

1 w w



The given equation is

0 x—a x-b 4.

x+a 0 x—c|=0

x+b x+c 0

x+a x-—c
=0-(x—a) +(x+b)
+b 0
x+a 0
=0
x+b x+c

= (x—-a)(x+b)(x—c)+(x+a)x—b)

(x+¢)=0

= 2)(()62 —ab—bc+ca):O

=>x=0,x=~ab+bc—ca

a—-b-c 2a 2a
LES™ 2b b—c—a 2b
2¢ 2¢ c—a-b
a+b+c a+b+c a+b+c
=| ab b—c—a 2b
2¢ 2¢ c—a-b
[R >R +R,+R,]
1 1 1
=(a+b+c)|2b b-c—-a 2b
_2c 2¢ c—a->b
1 0 0
=(a+b+c)|]2b —-a-b-c 0
2¢ 0 -a-b-c

[C,—>C,-C &C,—C,—C]

=(a+b+c)3
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bc a d*
LHS™ ca b b*
ab ¢ ¢
1 2 3
Z(abe) L L
a a a
1 b b
=|—(abc) — —
b( ) b b
2 3
l(abc) c <
c c X
1 & o
a a a
2 3
=abc LIS
b b b
L
c ¢ c
. 1 & & | &
= (abc)Tl p: =1 b
ane 1 ¢ &2 1
Given determinant

x ox 1 1 X x
=xbclp> b 1|-a’l b b
| 1 ¢ ¢
x ox 1
=(xbc—a’)|p> b 1
|



=2 x=b 0
=(xbc—-a’)p*-c> b-c 0
c? c 1
[R, >R -R, &R, > R,—R,]
x+b 1 0
=(xbc—a’)(x-b)b-c)lb+c 1 0
e 1

= (xbc—a’)(x+b)(b—c)(x—c)

a+1 2 3
LetA: 1 a+l1 3
3 -6 a+l

Puting a = —1, in the above, we get

0 2 3
A=1 0 3|=0
3 60

S0 g +1 is a factor.
Exercise to the students
x+a b c

b x+c a

c a x+b

x+a+b+c b c
=b+x+c+a x+c a
c+a+x+b a x+b

(C,>C +C,+C,)

[um—y

b c
=(x+a+b+c)|l x+c a

[

=(x+a+b+c)|0 x+c-y
a—b

o

a x+b

a—c¢

x+b-c

10.

I1.

12.
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=(x+a+

b)

a+c—-b a—c

a-b a+b-c

(R, —>R,~R R, —R~R)

:(x+a+be2—a

2 42 2

+ab +bc + ca)

15-2x
11-3x
T—x

15-2x
11-3x
T—x

11
17
14

1
1
1

15-2x
=|-4-x

—8+x

10
16/=0
13

10
16|=0(C, > C,-Cy,)
13

1 10
0 6/=0
0 3

(R, >R,—-R R, > R,—R))

=3x=60

=x=20

17 58 97
19 60 99
18 59 98

17 58 97

=12 2
1 1

2
1

[R, >R,—RR, >R, —R]

=0

Given equation is

1+x 1
1 1+
1 1

X

1
1 |=0
1+x



14.

3+x 1

=3+x I+x 1 |=0
34x 1 l+x 19.
[C,—>C +C,+C]
I 1 1
=03B+x)0 x 0
0 0 x
= B+x)x’=0
=x=0,-3
12 2 4 -5 1
-8 1 -5 2 -1
6 4 a -3 2
-10 2 1 3 4
-2 4 6 8 -5
-2)(-6) 2 4 -5 1
24 1 -5 2 -1
=(2)(-3) 4 a -3 2
=25 2 1 4 20.
-2)1 4 6 -5
-6 2 4 -5 1
4 1 -5 -1
=-2-3 4 a -3 2
5 2 1 4
1 4 6 -5
(-2)(-6) (-2)2 (-2)4 (-2)(-5) (21
4 1 -5 2 -1
= -3 4 a -3 2
5 2 1 3 4
1 4 6 8 -5
12 4 -8 10 -2
4 1 -5 2 -1
-3 4 a -3 2
5 2 1 3 4
1 4 6 8 -5

1
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a+b+2c a b
c b+c+2a b
c a c+a+2b
2(a+b+c) a b
=12(a+b+c) b+c+2a b
2(a+b+c) a c+a+2b

[C, > C+C,+C]

1 a b
=2(a+b+c)|]l b+c+2a b

1 a c+a+2b

1 a b
=2(a+b+c)|0 b+c+a 0

0 0 c+a+b
=2(a+b+c)

Given that x =cy + bz
y=az+cx
z=bx+ay

=>x—cy—-bz=0
cx—y+az=0
yx+ab—z=0

Eliminating x, y,z from the above equation

1 —¢ -b
c -1 al|=0
b a -1

= 1(1-a*) - (-c)(—c—ab) + (-b)
(ac+b)=0
=1-a*—c*—abc—abc—-b*> =0

= a’+b*+c*+2abc=0



21.

22.

X

Given that ¢ =
y—z

=>x=ay—az
=>x—ay+az=0 w1
similaly bx+y—bz=0 ....(2)

and ex—cy—z=0 een(3)

Eliminating x, y,z from (1), (2) & (3), we

1 —a a

b 1 -b=0
get

c —-—c¢ -1

=ab+bc+ca+1=0

b+c c+a a+b

LetA: q+r r+p p+gq
y+z z4+x x+y

2(a+b+c) c+a a+b

=2(p+q+r) r+p p+gq
2x+y+z) z+x x+y

[C, > C +C,+C,]

1194 1/

a+b+c c+a a+b

p+q+r r+p p+q
xX+y+z z+x x+y

a+b+c -b —c

ptq+r —q -r
xX+y+z -y -z

[C,>C,-CC,—>C,-(C]
a -b -c

P74 NC —>C+C+C
x -y -z

[changing to rows in to columns]



1.

3.

Group-C

Long type (Questions & Answers)

Prove that

(b+c)* a* bc
(c+a) b
(a+b)* ¢ ab

(b—c)(c—a)a-Db)

x x* 1+x

Ifx#zy#z y ' ley=0
2 3
z z¢ l1+z

then show that 1+ xyz =0
Show that

X y oz
Xy Z=(x-y)(y-2)(z-x)

yZ zX Xy
(xy+ yz+zx)
Prove that
a-x a a

b -x* b b|=(a-b)b-c)a—c)

2
C3 —x3 C C

(abc—x*)
Prove that
a b ¢
1
- a2 b2 c2
bc+ca+ab

bc ca ab

=(b-c)c—a)a-b)

Prove that
y+z Xx X
y z+x y |=4xz
z z  Xx+y

ca|=(a’> +b*c*)a+b+c)

7.

8.

9.

10.
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Prove that

a’+1 ab ac
ab  b*+1  bc |=1+d*+b*+¢*
ac be +1

and write its minimum value

Show that
(y+ z)2 xy zx

xy (x+2)° vz

Xz vz (x+ y)2

=2xyz(x+y+z)’
Prove that
(b+c)’ a’ a’

b’ (c+a)’ b’

c? c’ (a+b)’

=2abc(a+b+c)

If 4+B+C=n,
then prove that
sinA4 cotd 1

sinB cotB 1/=0
sin’C cotC 1



(b+c) a* bc
LHS=|c+a) b ca
(a+b)’> & ab
(b+c)=2bc a* bc
=|(c+a)*=2ca b* ca
(a+b)*=2ab c* ab
(C1 - C1 _2C3)
10.
b>+c* a’ bc
=\c*+a® b* ca
a’+b> ¢ ab

=@ +b*+cH)l b

Hints & Solutions

a+b*+c* d* be
=|la*+b*+c* b’

a+b*+c* & ab

cal(C, > C,+C,)

1 a* be
ca
1 ¢ ab

—(@® + b2+ a+bre)b-c)

(c—

X
LHS|Y
z

2

X X
=y )
2

z Z
1 x
=1 y
1 z

a)(a->b)

Xt 1+x

Y 1+)°|=0

22 1+2°

| [x x* X
I+|y y2 y3 =0
| |z 22 2

x* 1 x x*
y2 +xyz|l y y2 =0
2 2
z 1 z =z

1196 1/

1 x x°
= y y|(1+xyz)=0

1 z 2°
= (1+xyz2)(x =) (y—z)(z-x)=0
(1)

=>1+xyz=0 (’.'xiy;tz)

Giventhat 4+ B+C=17r
= A+B=n-C
sosin(A+ B)=sin(r —C)=sinC
Also sin(B+ C) =sin A
sinA4 cotd 1

A=lsin?B cotB 1
sin’C  cotC 1

sin> 4—sin’B cotA—cotB 0
=|sin? B—sin’C cotB—cotC 0
sin’ C cotC 1

[R >R -R,R, >R, —R,]

_|sin®* A-sin® B cot A—cotB
sin’ B—sin® C cot B—cot 4
A B
sin(4+ B)sin(A—B) —2 S5
_ sin A sin B
B
sin(B+ C)sin(B—¢) 8B _cosC
sin B sinC
) ) —sin(A—-B
sinC  sin(4-B) &
_ sin A—sin B _
) ) —sin(B —
sin4 sin(B-C) —‘sm( , c)
sin BsinC



PROBABILITY

Group -A

A. Choose the correct answer from the given choices:

p—

5 2
If2 P (A) =P (B) =3 and P(A[B)= 6.

then whatis P(AUB) ?
u i
@ 7 ® 5
i} I
2. IfE and F are events such that P(E)=0.6,
P(F)=0.3 and P(ENF) = 0.2 then P(E|F) is
s o4
@ = ®)
3 o 2
© 3 @ 3 8.
3. One card is drawn from a pack of 52 cards.
What is the probability that the card is drawn
is either king or spade ?
4 oS
6 )
4. A binomial distribution has mean 4 and .
variance 3. Write the number of trials.
(a) 12 (b) 16
(c) 20 d 24
5. Ifan event A is independent to if self, then
whatis P(A) ?
L N 10
(a) 4T (b) 5 or 3
Oor1 d L
(c) or (d) c o
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If P(A) = 0.6, P(B)=04, P(ANB)=0.2
then what is the value of P(B|A)?

(@) (b)

A|— ]|~

(©) (d)

If P(B) = 0.5 and P(A(1B)=0.32 then
whatis P(A|B)?

N|—= |~

10 L2
(a) 9 (b) %

16 20
(©) s (d) 3

If A and B are independent events and

3 1
P(A)Zg, P(B):§ then what is

P(ANB)?

3 3
(a) 20 (®) o5
3 3
() % (d) 29
If P(B)=0.5 and P(ANB)=0.32 then
find P(A|B).
13 15
(a) 57 (®) bY)
16 17
(©) s (d) 2%

If A and B are two events such that
P(A[B)=P(B|A) then what is the relation
between P(A) and P (B).

(@) PA)=P@B) (b) P(A)<P(B)
(c) P(A)>P(B) (d) None ofthese



Fill in the blanks from the given choices.

IfP(A)=0.8, P(B)=0.5 and P(B|A) = 0.4
then P(A[B) is

G 0.54 (i) 0.64
(i) 0.74 (iv) 0.84

3
If A and B are independent events P(A) = 7

4
and P(B) =7 then P(ANB) is

oo oo
DT W %
o2 ]
(iii) 19 (1v) 50

If E and F are events such that P(E) = 0.6,
P(F) = 0.3 and P(ENF)=0.2, then

P(F|E) =

W | —

1
W (i

] . 1
(iii) Z (iv) g

IfP(A)= 0.8, P(B)=0.5 and P(B|A) =0.4
then P(AB) =
(G 0.18 (i) 0.22
(iii) 0.26 (iv) 0.32

IfP(A)=0.8, P(B)=0.5 and P(B|A) = 0.4

then P(A|B) =
(i) 0.42 i) 0.52
(i) 0.64 (iv) 0.82

10.
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If A and B are two events such that P(A)=0.3,
P(B)=0.4 and P(AUB)=0.6, then
P(AB)=
@ 0.1 @i 0.3
(i) 0.42 (iv) 0.5

If P(A) = 0.8 and P(BJA)=0.4 then
P(ANB)=
(i 025 (i) 0.32
(iii) 0.42 (iv) 0.52

If P(B) = 0.5, P(A(B)=0.32, then
P(A|B)=

Q) 044 () 0.54
(i) 0.64 (v) 0.74

IfP(A)=0.8, P(B)=0.5 and P(AB)=0.32
then P(AUB) =

@ 0.38 (i) 0.58
@) 0.78 (iv) 0.98
If A and B are events such that A and B are

3
independent events and P(A):g,

P(B) = % then P(ANB) =

9 9
O 3 @ 75
9 9
(iii) 50 (v) 70



Group -B

Short Type (Questions & Answers)

If x follows a binomial distribution with
parameter n=6 and p with 4p(x=4) = p(x=2).
Find p. [CHSE 2016 (A)]

Two different digits are selected at random
from the digits 1 through 9. If the sum is even,
what is the probability that 3 is one of the
digits selected ? [CHSE-2015 (A)]

Suppose that the probability of your alarm
goes off in the morning is 0.9. If the alarm
goes off, the probability is 0.8 that you attend
your 8 A.M. class. If the alarm does not go
off, the probability that you make your 8 A.M.
class is 0.5. Find the probability that you make
your 8 A.M. class. [CHSE-2015 (A)]

If A and B are two events such that
P(A)=0.6, P(B)=0.5 and P(A(1B)=0.2
then find P(A[BS). [CHSE-2008(A)]

A pair of dice is thrown. Find the probablity
of getting of atleast 9 if 5 appears on atleast

one of dice.

If two dice are bassed and if A be the event
that one of dice is 3 and B is the event that
sum 5 occurs, then find P(A |B) .

If A and B are two events such that P(A)=0.3,
P(B)=0.4 and P(AUB)=0.6 then find
(i) P(A|B) (ii) P(B|A).

A couple has 2 children. Find the probability
that both are boys, it is known that (i) one of
them is a boy (ii) the older child is a boy.

10.

10.

I1.

12.

13.

14.

15.
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A box of oranges is inspected by examining
three randomly selected oranges drawn
without replacement. It all three oranges are
good and the box is approved for sale,
otherwise rejected. Find the probability that
a box containing 15 oranges out of which 12
are good and 3 are bad one will be approved

for sale.

If A and B are two independent events
and P(A)=0.3, P(B)=0.6 then find
(i) P (A and B) (ii)) P (A and not B)
(iii) P (A or B) (iv) P (neither A or B).

A die is tossed thrice. Find the probability of

getting an odd number atleast once.

Find the probability of distribution of number

of heads in two tosses of a coin.

A random variable has the following
probability distribution.

x: ol 1 [2]3]4] 567
p(x):|0|2p|2p|3p|p’|2p° |7p° | 2p

Whatisp ?

An urn contains 4 white and 6 red balls. Four
balls are drawn at random form the urn. Find
the probability distribution of the number of
white balls.

IfP(A)=0.6, P(B|A)=0.5 find P(AUB)
when A and B are independent. [CHSE-
2018(A)].



Hints and Solutions

Given thatn =6

Also given that 4p(x=4) =p(x=2)

= 4n04p4qn—4 — nc2p2qn—2

=46, p'q" =6.p’q"

6.543 4, 65 5,
4. =
43210 1 7P A

:>4p4q2_p2q420
=p’q*(4p°—q°)=0
=p’(1-p)’[4p’ —(1-p)’ =0

2 2 2
=p (I-p)Bp +2p-1)=0

2 2 2 N
=p (I-p)[3p" +3p-p-1)=0
=p’(1-p)’Bp(p+1)-(p+1)]=0

=p’(1-p)’(p+DBp-1)=0

(p =-1 is rejected)

There are 9 digits 1, 2, 3,4, 5,6, 7, 8, 9.
Two different digits are selected.

Let S be the sample space.

- |8|=9x8="72

We shall find the probability that 3 is one of
the numbers selected if the sum is even.

Let A be the event where 3 is one of the
numbers selected and B is the event where
the sum of the numbers is even.
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A= {(1,3),(2.3),(4.3),(5,3), (6,3),(7.3),
(8,3),(9,3), 3,1), (3,2), 3:4), 3,5),
(3,6), 3,7), (3,8), 3,9);
|A|=16

B="{(1,3),(1,5),(1,7),(1,9), 2.4), 2,6),
(2,8), 3,1), (3,5), (3,7), (3,9), (4.2),
(4,6), (4.8), (5,1), (5,3), (5,7), (5.9),
(6,2), (6,4), (6,8), (7,1), (7.3), (7.5),
(7,9), (8,2), (8:4), (8,6), (9,1), (9,3),
9,5), (9,7}

|B|=32.

ANB = {(1,3),(5,3),(7,3),(9,3),
(3,1),(3.5).(3.7).(3,9)}
|ANB|=8

Required probability

=P(A[B)

8
_PANB) _72_8 _1
P(B) 32 32 4
72

Let A be the event that the alarm of one person
goes of and B be the event that he makes his
8 A.M. class.

According to the question

P(A)=0.9

P (A) = Probability that the alarm does not
goes=1-0.9=0.1

Let B be the event that he makes 8 A.M. class
= He makes 8 A.M. class and the alarm goes
off or He makes 8 A.M. class and the alarm
does not go off.

=(BNA)UBNA®)



P(B)=P[(BNA) UBNA)] 6.
=P(BNA)+P(BNA®)
=P(B).P(B|A)+P(A).P(B|A)

=0.9%x08+0.1x0.5
=0,72+0.05=0.77

Given that P(A) = 0.6, P(B) =0.5

P(ANB)=0.2
P(A[B)
_ P(ANBY)
P(B®)
_ P(A)-P(ANB)
1-P(B)
_06-62 4
1-0.5 5
A pair of dice is thrown. 7.
Let S be the sample space.
S| =36

Let A be the event of getting at least 9 and B
be the event more 5 appears on atleast one
ofthe dice.

A= {(3,6),(4,5),(5,4),(6,3),(4,06),
(5,5),(6,4),(5,6),(6,5),(6,4)}
B="{(1,5),(2,5),(3.5),(4,5), (5,5),(6,5),
(5,1),(5,2),(5,3), (54), (5,6} 0
ANB={(4,5),(5,4),(5,5),(5,6),6,5)} 1
B|=11,|ANB|=5.
P (of getting of atleast 9 if 5 appears on a
alteast one of the dice).
5
3 _P(ANB) 36 _ 5
=P(A[B)= P(B) 11 11. (i)
36
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Two dice are tossed.

Let S be the sample space.

S| =36

Let A be the event that one of the dice is 3.

A= {G,1),(3,2),(3,3), (3.4), (3,5), (3,0),
(1,3),(2,3), (4,3), (5,3), (6,3);

B is the event that the sum is 5.
B=1{(1,4),(4.,1),(2,3),(3,2)}

ANB={(2,3),(3,2);

|ANB|=2, |B|=4
2
P(ANB) 36 2 1
PAB)=———-—=22="=—
(AlB) PB) 4 4 2.
36

Given that P(A) = 0.3

P(B)=0.4, P(AUB)=0.6

We know
P(AUB)=P(A)+P(B)-P(A(B)
=0.6=0.3+0.4-P(AB)

=P(AMNB)=0.3+0.4-0.6

=0.7-0.6=01
o P(ANBC
P(A|B ):—(P(QC) )

_ P(A)-P(ANB)
~ 1-P(B)

~03-01_02 2
1-04 03 3

P(B|A) _P@BNA) _01_1
P(A) 03 3



(D)

(i)

Let B represents older child which is a boy
and b represents younger child which is also
a boy.

Also let G represents older child which is a girl
and g represents younger child which is a girl.

The sample space is

S = {Bb, Bg, Gg, Gb}

S|=4

Let A be the event that both children are boys.
A= {Bb}

~|Al=1

B be the event such that atleast one of the
children is a boy.

B = {Bb, Bg, Gb} [B|=3
P(B) _[B|_
3

ANB={Bb}, |ANB|=1

AW

ANB| 1
P(AﬂB):—| |2| |:Z

We have to find P(A |B) .

_lans|_

[B]

_L

P(A[B) 3

-lk\wb\\»—t

Let B be the event such that the older child is
a boy.

B={Bb, Bg}, |B|=2
Bl 2 1

P(B)=1—=>==

® S| 4 2

ANB={Bb} ..|[ANB|=1

ANB| 1
P(AﬂB)=—| § |=Z

10.

()

(i)
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1
p(A|B):w:i_l
PB) 1 2
2
. Lo
Required Probability = 5

Let A, B and C be the respective events that
the First, Second and Third drawn orange is
good.
Probability that First drawn orange is good
12
P(A)=—
(A)=15-
Probability of getting Second orange is good
11
is P(B)=—
is P(B) 7
Similalry probability of getting third ornage is
10
P(c)=—
good P(c) 3
The box is approved for sale if all three
oranges are good.

Thus the probability of getting all the three

g121110 44
oranges g0o s 1213 9oL

Given that P(A)=0.3 and P(B)=0.6. A and B
are independent events.

P (A and B)
=P(ANB)
=P(A).P(B)
=03 x0.6=0.18
P (A and not B)
=P(ANB")
=P(A).P(B)
=P (A)[1-P(B)]
=0.3x(1-0.6)

=03x04
=0.12



(i)

(iv)

11.

P(A orB)

=P(AUB)

=P(A)+P(B)-P(ANB)
=0.3+0.6=0.18

=0.72

P (neither A nor B)

=P(A'and B
=P(A'NB’)=P(AUB) =1-P(PUB)
=1-0.720 = 0.28.

Note : The probability of getting and odd
number at least once.

=1 - probability of getting an odd number in
none of the thrnos).

When a die is thrown, there are 3 odd
numbers on the die out of 6 numbers.
Probability of getting an odd number.

_ Number of favourable cases

3_1
6 2

Total number of cases

Probability of getting on even number

=1 - probability of getting an odd number

T

2 2

Probability of getting an even number when
the die is tossed thrice

X

=P(E)=%X

N | —
N |~
0| —

Probability of getting an odd number at least
once.

= 1- probability of getting an odd number in
one of the thrown.

17
=1-P(E)=1-—=—
(E) s°3

12.

13.
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When a coin is tossed twice, then the sample
space is

S = {HH,HT,TH, TT}
~|s|=4

Let X denotes the number of heads in any
outcome in S.

X(HH)=2, X(HT)=1, X(TH)=1, X(TT)=0
Thus X takes the value of 0, 1 or 2

It is known that
P(HH) =P(HT)=P(TH)=P(TT) = i
P(X=0) =P (tail occurs in both tosses)

P(=P({TT}) =%.

P(X=1) =P (one head and one tail occurs)
2 1
=P({TH,HT}) ===~
( N=7=3
P(X=2) =P (head occurs in both tosses)
1
P({HH}) =

The required probability distribution is as
follows.

X

I RS

1
1
2

NG I )

P(X)

The given distribution is a probability
distribution. So the sum of all probability is 1

=  0R2p2pH3p+p*+2p*+7p*+2p =1
= 10p*+9p-1=0
= ((0p-D(p+1)=0

1
= p=E (- p=-lisrejected)



Let X denote the number of white balls drawn

. ) 15.  Given that P(A)=0.6, P(B|A)=0.5
from the urn. Since there are 4 white balls,

therefore x can take the values 0, 1, 2, 3 and 4. Given that A and B are independent events.
P(X=0) P(ANB)=P(A).P(B) ...(1)
= Probability of getting no white ball Given that
= Probabilitiy that four balls drawn are red
P(B|A) _ P(ANB)
6 1 P(A)
10, 14
¢ —=05= m

P(X=1) 0.6
= Probability of getting one white ball =P(ANB)=0.5x0.6=0.3

4o x6. 8 From (1), we get
- 10C4 o 21 0.3=0.6 XP(B)
P(X=2) —p@)=23_3_1

06 6 2

= Probability of getting two white balls
P(AUB)=P(A)+P(B)-P(ANB)
4Cl X 6C2 6

o :ﬁ =0.6+0.5-0.3=0.8

G
P(X=3)
= Probability getting three white balls

4C3 X6, 4
10, 35
P(X =4)

= Probability of getting four white balls

X (0|1 |2]3 4
boo |1 B[ 6|4 L
412114 ]35] 210
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Group -C

Long Type (Questions & Answers)

Two balls are drawn from a bag containing 5
white and 7 black balls. Find the probability
of selecting 2 white balls if

(i) the first ball is not replaced before

drawing the second.

(i)  the first ball is replaced before drawing

the second.

It two dice are tossed and if A is the event
that one of the dice is 3 and B is the event
that sum 5 occurs then find P(A |B) .

Three N.C.C. cadets A, B and C took part
in a shooting competition. Their probailities
of hitting the targets are respectively 0.8,
0.9 and 0.7. They fire once each. What is
the probability that at least two shots hit
the target?

If A and B are independent events such that

3 11
P(ANB)=— P(AUB)=—
( ) 50 and P( ) >3 then

find P(A) and P(B).

There 3 bags B, B, and B, having
respectively 4 white, 5 black; 3 white, 5 black
and 5 white, 2 black balls. A bag is chosen at
random and a ball is drawn from it. Find the
probability that the ball is white.

10.
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There are 25 girls and 15 boys in Class-XI
and 30 boys and 20 girls in Class-XIL. If a
student is chosen from a Class, selected at
random happens to be a boy, find the
probability that he has been chosen from
Class-XII. [CHSE-2020]

Out of the adult population in a village 50%
are farmers, 30% do business and 20% are
service holders. It is known that 10% of the
farmers, 20% of the business holders and
50% of serviceholders are above poverty
line. What is the probability that a member
chosen from any one of the adult population
selected at random, is above poverty line ?
[CHSE-2019)

Two cards are drawn successively with
replacement from a well shuffled pack of 52
cards. Find the probability distribution of the
number of kings. Also determine the mean and

variance of the number of kings.

Four cards are drawn successively with
replacement from a well shuffled pack of 52
cards. Find the probability distribution of the
number of aces. Calculate the mean and
variance of the number of aces.
[CHSE-2020]

Find the probability distribution of number of

heads in three tosses of a coin.



1.

Hints & Solutions

A bag contains 5 white and 7 black balls. Total
number of balls=5 + 7 = 12 balls.

(i)  Herethe Istball is not replaced before
the 2nd ball is drawn.

We are to get 2 white balls in each
draw. Since there are 5 white balls,
probability of getting a white ball in 1st

5

draw ZE'

Probability of getting a white ball in 2nd

4

draw :ﬁ'

Probability of getting 2 white balls
_2 43
12'1 33
(i)  Here 2 white balls are drawn. 1st ball

is replaced before drawing the 2nd
ball. Probability of getting 1st white

ball = 2
all =7
Since this ball is replaced, probability

5
of drawing 2nd white ball = —

12
.. Probability of getting 2 white balls
_2 2 2%
12712 144°

Two dice are tossed

Let S be sample space.

- |s|=36

Let A be the event that one of the dice 1s 3.

A= {G,1),(3,2),3,3),(3.4), 3,5, (3,0),
(1,3),(2,3), (4,3), (5,3), (6,3)}

B is the event the sum is 5.
B={(1.4),(4,1),(2,3),(3,2)}
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. ANB={(2,3),(3,2)}

2
P(ANB) 13 1
P(A|B):ﬁ:%za
36

Probability of hitting the target by A, B and C
are 0.8, 0.9 and 0.7 respectively.

P(A):o.gz%

P(B):og:%

P(C)=0.7:%

Probability of not hitting the target by A
=P(A'):1—P(A):1_%:%
Similarly

P(B')=1—P(B):1_%:%
P(C')Zl—P(C)zl—%:%
P(AﬂB):P(A)_P(B)z%'%:%
P(Bnc)=P(B).P(C):%_%=%
P(CﬂA)ZP(C).P(A):%.%:%

P(ANBNC)=P(A).P(B).P(C)
8 9 7 504

~10°10 10 1000
target= P(A(NB-C)+P(ANC-A)+
P(CNA-B)+P(ANBNC)
72 3 63 2 56 1 504
e e
100 10 100 10 100 10 1000
 216+126+56+504 902
1000 1000




3 11 5. Let e =Theselected bagisB,
Given that P(AB) = 50’ P(AUB)= 25 E, = The selected bagis B,

Here A and B are independent events E3 = The selected bag is B,
P(ANB)=P(A) .P(B) A =The ball drawn is white.
1
:53_0 _ P(A).P(B) P (E)=P(E)=P(E)= 3
3 P(AIE)= 4
=Xxy=— (1 U9
Y 50 @ 3
Where P(A) =x, P(B) =Y. P(AIE)= 3
Again
5
P(AUB)=P(A)+P(B)-P(ANB) P(AIE)) = 7
By the theorem of total probabili
=1 Ay pm)-= Y P b
25 50 P (white ball)
:>P(A)+P(B)=;—;+%=22533=%=% = PA
= P(E,).P(AIE,).P(AIE)
:>x+y:% @ +. P(AIE))..P(AIE))
14 13 15
) ) = —. —F—.—+—.=
(X—y)" =(x+y) —4xy 39 38 37
1 4,31 6 1 _1(4.35
1
jx—yzﬁ ..(3) ~1224+189+360 _ 773
, -3 504 1512°
Adding (2) and (3), we get
11 6 3 6. Let E = The set of students choosen
2 =4 —=—=— f 1 'XI.
X >t 10" 100" 3 rom the Class
3 E,= The set of students choosen
:>X=E from the Class - XII.
Subtracting (3) from (2), A= Thestudents is a boy.
1
py—ti_ 1 _4 + P(E)=P(E)) ==
2 10 10
15 3
2 1 P(AIE)="="=
y 03 40 8
P(AIE )—&—i
P(A):%, P(B):%_ ¥ 50 10°

We what to find P(E, | A)
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By Baya’s Theorem,

P(E,IA)

3 P(E,) .P(AIE,)
P(E,).P(AIE,)+P(E,).P(AIE,)

16 6
__ 210 __10
13 16 3 6
et
28 210 8 10

6

10 _24_38
T 15424 39 13-

40

Let E, =The person is a farmer
E, = The person is a businessman
E, = The person is a service holder

A =The person is above the poverty line

Let X denote the number of Kings in a
successive draw of two cards with
replacement from a deck of 52 cards.

Then X is a random varriable which takes
values 0 or 1 or 2.

Since we draw the cards with replacement,
the two draws are independent.

P (X=0) = P (noking and no king)
= P (noking) x P (no king)
48 48 144

52°52 169

P [a king and no king or no king
and aking |

= P (akingand no king) +

P (no king or a king)

4 48 48 4 24

52°52 52°52 169

P(X=1)

P (X=2)

= P (akingand a king)

5
P —_ —_
(E)= 100 10

P(E,)=— 30 _3

100 10

P(E)_zo 2

100 10
P(AIE)_IO _ 1
100 10
P(AIE)—2O _2
100 10

50 5

P(AIE.) =
(AlE,)= 100 10°

= P (aking) x (a king)
4 4 1

52 52 169
Thus the required probability distribution is

X=x| 0 1 2

P(x) 144 | 24 | 1
169 | 169 | 169
144 24 1

24 2 26 2
+ + = =—
169 169 169 13

By the theorem of total probability P (The
person is above the poverty line)

=P(A)

=P(E). P(AIE)+P(E). P(AI E)+
P(E,). P(A IE,)
51.32 25 21

-+ S = -21%
10°10 10710 1010 100
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Variance
3
z P(x,)-X’
i=1
2
_org 1A 144 LSl 24 22XL_ i
169 169 169 \13
24 4 4 24

+—t———=
169 169 169 169



Let the random variable x denotes the number 10. Let the random variable X denotes the number
of aces. of heads in three tosses of a coin.

Thus x can take the values 0, 1, 2, 3, 4. - X can take values 0,1,2,3.

Clearly the given experiment is a binomial

experiemtn withn =4. . |
In one toss p(H) = 5 p(T) = >

4 1
p=p (ace in a throw)=—=—
52 13 This experiment is a bionimial experiment with
q=7p (no ace in a throw) | |
1’1:3, p257 :5.
_op=1-L=12
-PTITRT

12y’ 8
X:O :4 0 4: —_
p(x=0)=4. pq [13]
11} 3
(12) 412 P(X:1)=3C1plq2:3'_'(_j 8
p(x=1)=4c,plq3=4.g(gj =3 2\ 8
2
p(X=2)=4C2p2q2 x=2)=3. pg=3 1y_1.3
p(x=2)=3. p'q=3. 5] 7573
1Y (12 12
6.l —||=| =6.=
(13} (13} 13 o (1Y 1
p(x=3)=3.pq :(Ej =3
p(x=3)=4. p'q
The probability distribution is
_4(1J3(12j 48
= J|— = 7
13 13) (13) X=xl0l11213
‘o 1 4 p(x) l E 3 l
p(X=4)=4C4pq=B 818[8]8
The required distribution 4
X 0 1 2 3 4
) (2)4 4.(12)° | 6.(12)° | 48 [LJ“
P 13 13 12t |3 |3
Mean=1113=4-i=i
13 13
Variance=npq=4-i-£=ﬁ.
13 13 169
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CONTINUITY & DIFFERENTIABILITY
Multiple Choice Questions (MCQ)

Group-A

Choose the correct answer from the given choices:

3
x_8 when x # 2

Iff(x): x=2

k whenx =2

is continuous at y = (), then the value of f is
?

(@ 4 (b) 8
© 12 d 16
If the function f(x) = sin ax is continuous
at x =0 then f(0)="?
(@ b (b) a
b o 2
© ° @ 5
The function
X =3x+2 ifxl
f)=1 (x-1
k if x=1

1s continuous for all x , then the value of f is
?

@ 1 b) 2
© 3 d) 4

1
If f(x)=(1+2x); when xz(Q 1s

continuous at y = (), then the value of f(0)

18 ?
(@ e (b) ¢
© ¢ d &
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X +x?=16x+20

=kifx=2
is continuous for all x , then the value of f is
?
@ 5 (b) 6
) 7 d 8
If @ function f(x)= x4 is continuous at

x =2 thenthe value of f(2) is?

@ 7 (b) o
() 5 d 4
If the function
@) sirzljx when x # 0
k whenx =0

then the value of f is
(a) 4 (b) 2

3 2

2 3
() 3 d 1

6.5°  forx<0
If the function / (¥) = is
2a+x  forx>0

continuous at y = () then the value of ¢ is ?

@ 2 (b) 3
© 4 d 4



10.

11.

12.

13.

14.

15.

1—x

The function 7 ) =108~
k whenx =1

when x # 1

1s continuous at x =] then f =?

(@ -1 (b) 0

() 1 d 2

The derivative of sin(cos™ x) W.I.t gin~" x
1s

(@ x b)) —x

(¢ 1 d -1

The derivative of ¢og2 x With respect to x is
?

(@  sin’x (b)
() sin2x (d)

—sin’ x
—sin’ x

The derivative of gjpn x° with respectto x is

_?
(@  cosx’ (b) cosx
— cosx’ d T cosx
(c) (d) 130
The derivative of x w.r.t tan x is ?
(@ sec’x (®)  cos’x
() —tan’x (d) —cot’x

The derivative of cos x with respect to sec x
is ?

(@ 1 (b)
(©) —cos’x (d)

—sec’ x
—tan® x

The derivative (1—2x)> withrespectto x is
?

(@ -2(01-2x) (b) —4(1-2x)

() —4(01-2x)> () -6(1-2x)

16.

17.

18.

19.

20.

21.

22.
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The derivative of gin ! x +sin ™" /1= x2 With

respect to x is ?
@@ -2 (b) -1
c) O d 1

Derivative of sin™'(cos x) with respectto x

is ?
(@ -1 b) 1
(c) -2 d 2

Derivative of sin(cos™ x) with respect to

sin”' x 18 ?
(@ -1 b 1
b)) x d —x

a1
Derivative of tgn~' y with respect to cot 1;

is ?

@@ -1 (b) 1

) x d —x

Derivative gin™! x + cos™! x With respect to
xis .

@@ 1 (b) -1

) 2 d o

Derivative of o3 w.r.t 3, is
@@ 1 (b) e
(€) 3¢

If the derivative of a function £ is twice the
function the f'(x) is

(@) 2 ® 2

© x (YR



23.

24.

25.

26.

27.

28.

Derivative of o= w.rt o is
(@ —e (b)
() —e* d

Derivative of /,* w.rt x is
e

|~
@ o b) Ve

2
© : (d) Ve
© 24/e" 2\/;
The shope of the tangent to the curue
y=____ atany point is equal to the
ordinate of the point.
(@A) «x b) —e’
© e (d) 2€§

The function f'(x)=[x] is continuous at
(@ 1 by 2
(c) 2.5 d 3

If f(x)=|x—l|+|x—2| then the points

where the function is not differentiable is
?

@ 3,4 by 1,2
() 0,-1 d 4,5

Ifa function f isdefined as

0 if xisirrational
J=y

1 if xisrational
then f is ?

(a) continuous at every point
(b)  discontinuous at every point
(c) differentable at every point

(d) noneofthese.

29.

30.

31.

32.

33.
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sin x

whenx # 0
S(x)=4 x
0 whenx =0
is at x=0.

(a) continuous

(b) discontinuous
(c) differentiable
(d) none of these

1
The function f(x)= 5 x Isnot continuous at

@@ 0 (b) 1
(c) -1 (d) noneof these
f(x)=x_ at x=q is

x—

(a) continuous

(b)  not continuous
(¢) undecided

(d) none of these

f(x)=sin @ at x=0

has a

(a) discontinuity of first kind
(b) discontinuity of 2nd kind
(c) mixed continuous

(d) removable discontinuity

A function f(x)=[x] is discontinuous is

(a) setofall real number
(b) setof all rationla number
(c) setofall irrational number

(d) setofall integral points



34.

35.

36.

37.

If
1
whenOSx<§

Jx)=41

when x = l
2

whenl<x<l
2

then f(x)=

1
(a) continuous at X = )

1

(b) discontinuous at X = 3
1
(¢) notdefined at x = 5

(d) none of these

If f(x)= %,x #0 may be continuous at
origin if

(@ f(0)=0

(b)  f(0)=-1

() f(0)=2
(d) can not be continuous for any value of

1(0)

f(x)=sin x is continuous is

(@) (-o0,) ®) (O,

) (1,2) (d) none of these

f(x)=|x|at x=0 is

(a) continuous and differentiable
(b) continuous but not differentiable
(c) notcontinuous but differentiable

(d) none of these

38.
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The function f(x):|x+2| is not
differentiable at

(@ x=2 b)) x=-2
(© x=-1 @ x=1
Answers
1. (c) 2.(d) 3. (c)
4. (b) 5.(c) 6. (d)
7. (b) 8. (b) 9. (a)
10.(b)  11.(d)  12.(c)
13.(b)  14.(c)  15.(d)
16.(c)  17.(a)  18.(d)
19.(b)  20.(d)  21.(b)
22.(d)  23.(c)  24.(c)
25.(c)  26.(c)  27.(b)
28.(b)  29.(b)  30.(a)
31.(b)  32.(b)  33.(d)
34.(b)  35.(d)  36.(a)
37.(b)  38.(b)



10.

11.

12.

13.

14.

Fill in the blanks:
If y =sin”' (lxj +cos™! (l x) th @ _
2 2 n dx
o [1—cosx dy
If y=tan then —= ?
+cCosXx dc ——
The derivative of secx w.r.t x is ?

_ 1
The derivative of S€C 1(2— W.I.t
2x° -1
J1=x2 atleis .
X 2 -
Derivative of In sin lcos[g—x) is

fy
If v =" then —=
x' = then dx

The derivative of gin? y W.IL.t cos? x 1S

The differential coefficient of

can”’ (sinx+cosx
an

.| wrtxis
COSX —sinx S

The derivative of pg3lgx w.r.t x is

v
If , =42 and y = i 2 then — = .
u=t v=sint du

If )/:se:(:‘1@+sin"1 i then
Jx Jx+1

dy
dx
The derivative of gin x W.I.t cosx 1S

1—x?
¥ w.rt

cos™ [2x\/1 —x? J is

-1
The derivative of tan [

_ x
The derivative of tan” (—1 > ]w.r.t
—-X

sin”' (2x\/1 —x’ ) is

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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1+x* -1
w.r.t

-1
The derivative a0 { T

.l 2x )
sin el R

Ifx:a(cost+%logtanéj,y:asint,

r d’y
thenat t =—, =
37 dx?

_ 1
The derivative of S€C l(mj W.TI.t

Vi-x* 8

If y=sec’ (X—HJ+sin1 [x_—lj then
x—1 x+1

Y _
dcx ——

The derivative of sin™'(3x—4x’) wW.r.t

sin'x 18

. 2x
The derivative of SIn : ( 2 j
1+x

o 2x
wart. tan™ [,
—Xx

d » (7[ j
—cot tan| ——x | ig
dx 2

V1-x? _
, then — =

X dc ——

If y=cot™

The derivative of ¢og2 x W.I.tis

The derivative of gin ™' x +sin ' v/1— x2 Wt

x 1

The derivative of cosx w.r.t secx is

The point of discontinuity of the function
f(x)= log|x| is



27.

28.

The set of points of discontinuily of 29. The set of points where the function

f(x)= |sin x| is f(x)= |x - 2| is differentiable is

The set of points of discontinucly of

30.  f(x) =|x|+|x—1| is not differentiable at
|sin x| |
f(x)=——1is
sin x
Hints & Answers
0
(Lt 1nx) & — y g 10X
1 _ dx dx
P (I1+Inx)?
Hints ~ Inx
(1+1Inx)
i /l—cosx
y =tan =tan
1+cosx 7. -1
1 1 8. 1
=tan tan—=—x .
. :tan‘(smercost
Q:l Hints Y cosx—sinx
k2 L tanx+1
T X X = tan 1
sec tan —tanx
180 180 180 x
Hi 0 73 =tan"' tan (Z + xj
- y=S8ecx =Sec—
mts: Y 180
ﬂ: z sec 4 tan s =£+x
dx 180 180 180 4
4 T
d| —+x
w G
hl—x “dx dx
(1+1In x)’
Hints x' = 9. 3x2
Hlnts y:e310gx :elogx3 :x3
=Inx"=lne"™”
dy dx’ )
= ylnx=x- —=——=3x
Y Y dx dx
=y(l+Inx)=x
X 10. cost’
=>y=
l1+lnx du
. 2
dx dx\1+Inx du ju 2t
t

/1115 7/



11.
12.

13.

14.

15.

0
—cotx
-1
2
1
2
1
4
Hints: Let

1[ l+x2—l] . 1( 2x j
y=tan | —— |,z =sin >

X 1+x

Let x=tan 8 —0=tan'x

~ tan”! VJ1+tan’6 -1

Y tan 0

~ tan! secO—-1) tan”! 1—cos@
tan @ sin 6

2sinzz
=tan~!
e R R
28In—cos—
2 2
o 6 6 1
=tan  tan—=—=—tan  Xx
2 2 2

Q_ldtan_lx 11
de 2 dx 2 1+x°

2:sin1( 2x2j:2tan1x
1+x

e, 1
dx 1+x

d 1 1

ﬂ:@:EIerz :l

dz @ ) 1 4
dx 1+ x?

16.

17.

18.
19.
20.
21.

22.

23.
24.

25.
26.

27.

28.

29.

30.
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o0
Q‘ﬁ‘

»—A»—A(JJO><|N

I-x
—sin 2x
0
—cos” x
{0}
Hints: As the function log| x | is not defined

at x=0, therefore the set of points of
discontinuity is {0} .

¢

Hints : As f(x)=|sinx| is defined for

allreal x, so it is continuous for all real x so
the set of points of discontinuity

S ¢.

{nﬂ:nel}
HlntsM 1S not defined for
" sinx

x=nr,nel, so the set of points of

‘ o |sin x|
discontinuity of f (x) =

(=o0s0) ={2]

Hints: |x - 2| is not differentiable at x =2 .

i : I
. 1s{n7r ne }

So f(x)= |x—2|is not differentiable at
x=2

The function f'(x) is differentiable in the set
(-n.0)~ {2}

0,1



Answer in one word:

What is first derivative of the function

a0 . 1+x . 6.
cos | sin > X wrtxat y=1?
7.
If f(x)=1log(logx) then whatis f'(x) at
xX=e () 8.
~1 1+x
What is the derivative of tan T—x ?
L[ 3a%x—x° 9.
If f(x)=tan 1{ﬁ] then what is
a’ —3ax
f1 (x) ? 10.
. dy
Ifx:acos3[,y:asin3t thenwhatlsa 11.
a 4
Answers
3 4
1 .
L 5.
2e
log(log x 6.
Hints: Jf(x)log . (logx) = g(—gz)
log x
) d | log(logx) 7
X)=—| ————= .
S dx| logx’
d log(l d 8.
log xz.w —log(log x) —— (log xz)
_ x dx
(logxz)2 9.
2logx 2
_ xlogx xlOg(Ing) 10.
ylogzx
| 11.
When x =e, fl(e) =—
2e
1
1+ x?

/1117 7/

d
If x”.y? = (x+ y)’*?, then what is d_i?

What is the derivative /p* w.r.t x?

T
What is the derivative €Ot (Zj with respect

to tan x ?
If f(x)=log, (log,x) then whatis f'(x)
at x=e?

d
If sin y = xcos(a + y) then what is d_i?

If f(x)=| x| is defined on [-2,2] then at
which point the function is not
differentiable?

3a
a’ +x*

Q| =

cos’(a+y)
cosa

The function f'(x) =| x| is not differentiable
at X = 0 .



10.

Answer in one sentence.

Examine the continuity of
e =sin a1
Examine the continuity of
x| .
— ifx#0
)= % -
0 ifx=0

Examine the continuity of the function

if x<0

1
f0= 150 g

atx=0

Examine the continuity of the function

f(x)={4 L whenx#0
when x=0 2 x=0

If y=sin"' [x\/l—x —Jx1=%2 J and

. dy
0 < x < 1then what is —?
dx

L A1=x7 ]
w.r.t

Differentiate  tan (

cos™ (Zxxll —x? )

Differentiate ;" wrt x.

X

What is the derivative of gec™! y W.r.t x if

x< -1

; o tan”!
Differentiate (1 A \/}

What is the derivative ¢ogec'y W.I.t x

when |x| >| 1.

I1.

12.

13.

14.

15.

/1118 //

Write a logarithmic function which is
differentiable only in the open

interval (—1,1).

What is the value of the derivative of
f(x):|x—1|+|x—3| at x=27

If f(x+y)=f(x).f(y) forall x,yeR
and f'(5)=2, f'(0)=3 then what is the
value of £'(5)?

y
1
If *= |7 4 then what is the value of
;[\/1 Tq 4t

dzy
dx?

?

Find the derivative of

wT—2e"
5 ?

Hints & Solutions

Insin™ cos(

The function is not continuous at x = ()

[ x]
2

Hints. Given f(x) =sin

LHL=lim_,, f(x)=lim,, smﬁ

m[x]

RHL= lim)H o f(x)= lim smT
=sin U 0
2
Again £(0)=sin 2 ¢
m_ . f(x)=/f0)#lm_f(x)

So the function is discontinuous at x = ()



The function is not continuous at x = ()

Hints: Given function is

f() = l—z’ if x#0
0 ifx=0

Ll G |

LHL=lm_ _f(x)=lim_ .

RH.L= 1irnH0+ f(x) = lirnx90+ u =1

x
f(0)=0

lim _ f(x)#lim__ . f(x)# f(0)
The function is not continuous at x = ()
The function is continuous at x = ()
Hints :

1
x+[x]

LHL= lim)H . f(x)= lim)H .

1
=1
" x—1

= limH
RHL =lim_ . f(x)=lim _  -1=-1
f(0)=-1
slim o f(x0)=lim__ . f(x)= f(0)

so the function is continuous at x = ()

The function is not continuous at x = ()
Hints:
LHL=lim_ _ f(x)=lim, , f(0—7)

1 1

) el — ) e —1
=lim,_, — =lim, , —
e +1 e +1
1
1/h __ _
- hmh_)()el_l:u — ]
o 41 0+1
1
) ) e" -1
RHL=1m . f(x)=lim, ,——
e" +1
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1
=27 1-0
- +
l+ 1/h
f(0)=0

~lim f(x)# lim f(x)= £(0)
x—0" x—0"
So the function is not continuous at y = ()

dy 1 1

dx  \1-x2 _2\/x—x2

Hints: v =sin"' [x\/l—x —Jx1= ¥ }

i i) i |

=sin"' x—sin ' v/x

cdy dsin_lx_dsin"\/;
Cdx dx dx

1 1

- N _2\/x—x2

The required derivative is —

2
Hints: Let
[ 2
y:tanl( I=x ],z:cosl(bc\/l—xz)
x
dy
b _dx
dz dz (1)
dx

Let x =cos@ = @ =cos™' x

 V1—cos’ @

cosf

y=tan" =tan" tanf =60

=cos ' x



dy _ -1 . - !
htdl - 10. Required derivative ~ w1

dx 1-x

z=cos”' (2x\/1 -x ) Hints: y=cosec'x

=cos! (2 cos O/1—cos? 9) d_y _dcos ec'x B 1

dx xVxt -1

dx dx __|x| 2] e (1)
=cos 'sin 260 =cos™' cos (%— 20]
Here |x| >1
=2 20=""2cos"x
2 2 =
T -1
dz (2—2005 x) 2 From(1), we have
e d =
dx dx 1—x2 dy 1

d
From (1), d_Jz; =—=

2 oy ..
11.  The required logarithmic function is
a'”.lna.l log(1-x7%).
X
Hints: The above function is differentiable in the
da™ da™ dinx . 1 interval (—1,1).
= . =a"".Ina.—
dx dinx dx X

12. The derivative of the functionat y =2 is0
dsec’'x 1 ie f1(2)=0
dx |x| Vxt -1

when x < —1,| x |= —x.

Hints: f(x)=|x—1|+|x—3|

dsec' x _ 1 —2x+4 whenx <1
dx —xvxt-1 =< 2 whenl<x <3
1 1 2x—4 whenx2 2.

2Wx(l+x) 1+
at x=2, f(x)=2

&—xJ

ot y=tan"'
Hints: Let (1+x\/;

= /'(x)=0
= tan"'Vx —tan " x 13. f'(9)=6
—1 -1
dy _dtan'Jx dtanx Hints: Giventhat f'(0)=3
dx dx dx
I — lim L@/ O) _5
2Wx(l+x) 1+x° " h

/1120 //



i[OS - F(O) _, d’y
h

14. =4
dx? Y

Reason: Given that
=3 .. (1) 1

b
x=],
Giventhat f(x+ y) = f(x).f(y) for
X, yER - dx 1

Ay fi+4y

FO[f(h)-1]
4 dt

1+ 4¢*

= f(0+0) = £(0)£(0)

dy >
= /(0)= £ (0)./(0) =& iy
:>f(0)[1—f(0)]:0 dzy_dm
dx* dx
= f(0)=1

1
d(1+4y2)5 d(1+4y2) dy
1.f(h) -1 — “r

From (1), we have lim

_ 1
:>limf(h) 1:3 ) = - 8y 1+4y°
2\1+4y

h—0 h
ey J SR = f(5) =4y
S f (5)_1:138 p
15. d—yZI
i SO 1 (5) dx
- ! Hints:
:kngf(S)[th)_l] y=Insin™' cos[ﬂ_zzexj
| S =Insin™ cos(z—e"jzlnsin‘1 sine*
:f(S).%gr&[ } >
=lne' =xlne
=f(5).3 [from (2)] %:me:l
x
=2x3=6

/1121 7/



Group-B

Short type (Questions & Answers)

ax* +b if x<1
Iff()c): 1 if x=1
2ax—-b if x>1

is continuous at y = |, then find gand .

Find the value of '4' such that the function

f defined by
sin ax

fx) = sin x ifx#0
1 if x=0
a

is continuous at x = ()

Show that gin x is continuous for every
real x.

X
If v = xlog( ]
a+bx
then prove that
oy (Y
o U

iF x=asecH,y=btan0

then prove that
dy__ b
x> a2y3

If sin y = xsin(a + y) then show that

dy _ sin’(a+ y)

dx sina

I1.
12.

13.

14.

15.
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If cosx = Lsin _
Nie2 " 15

dy
then show that —
dx

is independent of ¢.

Find *~ when y* = x"

d
If 3? cotx = x* cot y then find —i:

I
Find the derivative of ysin* w.rt x.

Defterentiate

. _1( 2x j
sin >
1+x

L1=x2
w.r.t cos™ 2
o 1+x

Differentiate

y=tan" \/l—x2 +\/1—x2
\/1+x2 —\/l—x2

sin2k

Differentiate y = (sin y)

Test the differentiablily and continuity of the

following function at x = ().

o = henz0
x =
)16 whenx =0
Differentiate
O 1 )
sec o1 with respect to /] — x2



17.

18.

19.

20.

y=x+ i
If x + b
D A o0
d
then find -
dx

Find the slope of the tangent to the curve
x=2(0-sin20),y =2(1-cosb)

T
t0=—
ATy

If cos y = xcos(a+ y) then show that
dy _cos’(a+y)

dx sina
Write why the function
sin™’ !

N not be differentiate any where.
—X

Hints & Solutions
The given function is
ax’ +b ifx <1
fx)=41 ifx=1
2ax—-b if x>1

LHL= hgl f(x)

=limax*+b =a+b

x—1"
RHL= lg? f(x)

=lim2ax—-b =2a-b

x—>1*

f=1

since the function is continuous at y =
s lim f(x)= f(1)=lim f(x)
x—1 x—1"
=a+b=1=2a-b

p=2
3

) 1
La=—,
2
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The given function is

Si?l ax if x#0
fe=1""
_ i x=0
a if x
lim f(x) = lim > = 4
x—0 x—0 Sin x
1
f0)=—
a

Since the function is continuous at x =(

lim f(x) = /(0)
1 2
a

Let x, € R be any point and ¢ be any
arbitrary positive number f(x)=sinx

|f(x)—f(x)|=|sinx—sinx1|

x—x1|

2 |

X+x .
2.¢cos Lsin

=2

X+x|
COS
2 |

sin _2 | o (1)

We know for every value of x and

+X

<1

X
x, |cos

x|
|2 |

Also

sin X _ 0 |S
2 |
from (1), we get

[f )= ()| 2.x

X=X,
z

=|f(0)-/@)] <|xr-x
When |x—x1|<e then | f(x)— f(x,)e

so lIm sinx =sinx,

X—x

= tne function is continuous at x = x,



X
Given that ¥ =X log( j
a+bx

Differentiative both sides w.r.t x, get
&_4a xlog al
dx dx a+bx

-4 +1lo X 1
Py ga+bx ............ (1)

dy ax ( X
=>x—= + xlog
dx a+bx a+bx

ax N
= y
a-+bx

dy ax

> X——=Yy=
VI )

Again from (1), we have

1
d’y  a(-b) N . i( x j

X
dx*  (a+bx)’ a+bxdx\a+bx

_( ax jz 3
o U vl E— 3)

From (2) & (3), we have

d’y (dv Y
3 bl wo_
g dx’ (x dx y]

= log (x’".y” ) =log (ﬁj”””

Y
= mlogx+nlogy=mlogx—mlogy
+nlogx—nlogy

= (m+2n)logy=nlogx

Differentiative both sides w.r.t x, we get

(m+2n)dlogy :n.dlogx
dx dx
o
dx (m+2n)x
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Given that x =asecf,y =btan 0

ﬁ:asecetanQ,d—y:bsec2 0
do do

dy
dy:d_g_ cosecl
de dx g
do
d’y _ b dcosect
dx*  a dx
_2 d cosect ﬁ
a dO dx
b 1 b*

atan’0  a’y’

Given that sin y = xsin(a + y)

Differentiating both sides w.r.t x , we get

dsiny d .
=— +
P ra [xsin(a+ )]
dy sin(a + y)

dx cosy—xcos(a+y)

sin cot y

cos y— _Sl&.cos(a +)
sin(a+ y)

B sin’(a+ y)
sin(a + y)cos y —sin ycos(a + y)

B sin’(a+ y)
sina

Given that
cosXx = ! iny= 2

1+£*° 1+¢

-1 -1
= X =CO0S ,y =sin

1+7 1+£°

Let f=tan@= 6 =tan"' ¢



13.

x=cos’ =cos ' cos@

1
Ji+tan’0
=0=tan"'t
& __1
dt 1+t

1+¢

. -1
y =sin > =2tan

&y 2
dt 1+¢

dy dQ2 tan~'7)

A _dr_ dr
dx dx dtant

dt dt
independent of ¢.

1{\/14—)6 +\/1 X }
& V22 —1-x°

let x> =cos@ = 0=cosx*

. tan{\/l+cos(9 +\/1—cos(9}

=2. Wwhich is

\/1+COSQ —x/l—cose

6 .6
cos§+sm—
_ -1
=tan 0 )
COS— —SIn —
L 2 2
l—tang
=tan"”' 5
1—tan —
L 2
—1 (7‘[ 0)
=tan tan| —+—
4 2
Tl Ly
2 2 4 2
Q_ 1
dx 2(1+x2)

15.
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Given function is

l—e™* whenx #0
S(x)= X

1 whenx =10

Continuity at x =(

1
i =
lim f(x) =1lim =lim €
x—0 x—0 x—0 X
) -1 . e o1
=lim =lim lim—
x>0 xe"‘ x>0 X x>0 @

=1.1=1
Given that £ (0)=1
< lim f(x) = £(0)
— The function is continuous at x = ()

Differentiabrility at x =0

bt LSO
x—0 X— 0
o SO=h)=f(h)
x—0 —h
1_ eh _1
—lim =
h—0 h
l1—-¢"+h
— 0
—lim  — (for ”’5)
h—0 h
. 0-€"+1
=lim ——
h—0 2h

(Applying L’ hospital’s rule)

. ="+ 0 L |
lim —lim —=—
h—0 2 -h—>0 D 2
et 1O

x—0" x—0



17.

i SO+h) = £(0)

h—0

=lim
h—0

h—0

0+h

S -0

Here LH.D=R.H.D

So the function is differentiable at x =

1
y=x+ I
X+
Xt oiiiinnnnn fo 0
=>y=x+—
Yy
:>y2 =xy+1

20.
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Differentiating both sides w.r.t x , we get

a’y2 _d(xy+1)

dx dx
@__y
dx 2y-—x
sin”~ ! 0
Let =
© 1-x2
= sinf = !
1-x2

= cosecO =/1-x*

= cosec’=1-x>
= l+cot’9=1-x>

— cot’@ = —x> which is —ve and is

rejected as ¢ot? @ 1s alway +ve.

So the given function is not diffeentiable any
where.



Group-C

Long Type (Questions & Answers)

1—cos® 6 1—cos* 6
If x=——-—,y=————then
cosf cos" 0

dy : ) y2+4
— =n [
show that [ dxj [xz 4

[CHSE-2016,2018]

~ cos™! J1+sinx ++/1—-sin x
It \/1+sinx—\/1—sinx
d
(0<x< jthenﬁnd—y
dx

Differentiate sin™' (20?6\/ 1-a’x* ) w.r.t
J1=a*x?

If sin(x+ y) = ycos(x+ y) then prove that

ﬂ__l+y2
dx y
dy
Find —
n dx
.
when ¥ =cot” (Incose ™) + =
1—x*
Find the derivative of
( x—1 j_4 1(1—x2j
> cos 5
X +5 1+x
F dﬂ " , [I+sinx
n dx when y = tan 1—sinx
Ifx’ =y +tan‘1( j then ﬁnd -

1—sinx

1+cosx

1+
Differentiate tan ™ ( sin x}

with respect to In (
I—cosx

[

/1127 1/

Find j—ywhen x=e __ tanil[y;;zJ

X x=e
fy=x""+x Xty , then find @
- en find ——
Jees e g
Hints & Solutions
2
_1zeos’ 0 o coso
cosf
& _ tan O(sec + cos )
do
_ 2n
_12c0sT0 e 0—cos"0
cos” 0
dy n n
2 ntan@(sec 0 +cos 0)
do
LHS = (dy j
dx

2
ntan @ (secn O + cos’? 9)
B tan O (secO +cosO)

5 (sec" 0 +cos” 0)2

=N % . 1
(sec6+cost9)2 )
_ 7 y2 +4

R.H.S 14

. [(sec” 6 —cos” 0)2 + 4}

(sec@—cos@)2 +4

, (sin” 0 +cos 0)2

=n T e )

(secO+cos0)

From (1) & (2), we see that

(dyjz ) y2+4
dx x +4



We know .
xsin~ x

_ -1 —X
1+ sin x = cos? = + sin® 2 + 2 cos > sin = 5. y=cot (lncose )+ -2
2 2 X
2
X . X .
:(COSEJFSIH_] Letu=cot_](lncose""),v=xsm al
Y 1—x?
= 1+sinx=cos§+sin£ Cy=u+y
Also \/l—sinx:cosg—sing d_y_@_‘_ﬂ )
e T

-1 4
V1+sin x —+/1-sinx u = cot (lncose )

) y_cotl[\/l+secx+\/l—sinx}

-1 —Xx
X .Xx X . X (ln )
COS—+SsIn —+ cos——sin— du _ d cot cose
=cot ™’ 2 2 2 2 dx dx

X .Xx X . X
COS —+Sin ——cos—+sin—

2 2 2 2

dcot | (ln cose ) dlncose ™

X = . .
20085 d(ln cos e_x) dcose
=cot ™’ .
2sin— _ _
2 dcose ~ de
» x 1 de ™ = dx
=cot cot—=—x
2
dy d1 1 B e ‘sine”
Tax ax\27) 2 cose’x[1+ln2cos(e’x)}
sin(x + y) = ycos(x+ ) ) csin x
Differentiating both sides w.r.t x, get B 1— 2
dsin(x+y)  [ycos(x+)]
:d - -1
dx dx ﬂ_i[xsm x}
dx dx| J1=x*
:>cos(x+y)(1+QJ=y—dcos(x+y) 1-x
dx dx
dy _ xvJ1-x" +sinx
+cos(x+y).$ -
N dy _ | cos(x+y)+ysin(x+y) From (1), we have
dx ysin(x+ y)
dy e ‘sine”
1 1 P —X 2 -X
= —[—.—+l} dx  cos(e )[1+ln cos(e )]
Yy

e 1-x*

__(1+y2j +x\/1—x2 sin”' x
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6.

2 4 ) 3
=2 X +5 . ! 2+4tan_1x. X +5
x—1 1+x x—1

2x(x—1)—(x* +5)
' (x=1)°

y=tan" [1+sin x
I—-sinx

X
1+tan —
=tan’
X
1—tan—
2
T /s
tan — + tan —
=tan"' 4 2
T /4
1—tan—.tan —
2 2
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=tan”' tan(£+£j:£+l
4 2 4 2

X
dy 1
2
., COSXx
Given that x* = y* +tan™ :
1+sinx

oy x . cosx
Letu=x,v=Yy ,w=tan .
1+sinx

SLU=VEW (1)
Ldu_dv dv )
A & )
u=x"=hu=Inx"=ylnx
dlnu dylnx
dx dx
:l.@:y.lﬂnx.d—y
u dx X dx
zﬂzu(lﬂnx.ﬂjzﬂ(zﬂnxd—yj
dx X dx X dx
_ dy
=yx’ " +x" Inx—=
y e 3)
dv L dy
—=xy" —+y'Iny ... 4
XY y'iny 4)
o cosx O T X
w=tan - =tan tan| ———
(1+smxj (4 2)
T 1
=——-—X
4
aw_-1
dx 2
From (2), we get
dy L dy 1
-1 —=xy —+y'Iny——
yx’ +x” i Y dx y my 5

x _ e
dy_y Iny—yx

dc xX’Inx—xy*"



APPLICATION OF DERIVATIVES
Multiple Choice Questions (MCQ)

Group-A

A. Choose the correct answer from the given choices:

1.

The slope of the tangent to the curve

y:3x4—4x at x =1 1s

@@ 2 (b) 4

(c) 6 d 8

What is the slope of the tangent to the curve
y=3x>—4x at a point whose
x -coordinate is 2 ?

(@ 4 (b) 8

(c) 10 d 12

The point on the curve y* = x, the tangent at

which makes an angle of 45° with x -axis is?

11 11

@ (E’Zj ©) [55)
11

© (24 (d) (Zag)
What is a point on the curve
x=a(@—sinf). y =a(l—cos) at which
the tangent is parallel to x — gxis ?
@ (2a,2n) (b) (am,2a)
() (2n,—2a) d) (2a,—2x,)
What is the equation of the normal to the
curve y =sinx at (0,0)?
@@ x+y=1 (b)
() x—y+1=0 @)

If the tangent to the curve x = ar®, y = 2at

x+y=0
x—y+2=0

is perpendicular to x — gxis then what is its
point of contact ?

@ (12 ®) (2.1
© (0,0) d (12)

7.

10.
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What is the slope of the normal to the curve
2 2

X343 =202t the point (8,64)?

N | —

@ 1 (b)

© -1 d -3

What is the slope of the tangent to the curve

T
y=~/3sinx+cosx at (gﬁzj?

(@ 2 b 1
© 0 d -1

What is the equation of the tangent to the
curve y = |x| at the point (-2,2)?

@ x+y=0

(b) 2x+3y+1=0

© x=0

d y=0

What is the equation of the tangent
to the curve x = y*> —1 at the point where

the slope of the normal to the curve is 2?
@ 2x—-y+3=0

(b) x+2y+2=0

() 3x+2y+2=0

(d) none of these



11.

12.

13.

14.

15.

16.

The function f(x)=cosx isdecreasing on

o [3)
2

3 T 37
© [7’2”] (d) (5’7)

The derivative of f(x) is x(x—1). Then it
ncreases on

@ 0<x<l
b)) 0<x<1
() 0<x<l

d x>1and x<0

The function f(x)=cosx—2px is
monotonically decreasing for

L by po
(@ » 5 b)) »p 5
© p<2 d p>2

What is the interval in which the function
sin? x — x 1s increasing?

@ o<x<l b)) -1<x<0

) ¢ (d) none of these

What is the set of values of x for which the
function f'(x)=sinx — x is increasing

@ ¢ (b)
() 0<x<l (d)

What is the intervel where the function

-1<x<0
1<x<2

f(x)=sinx+cosx,xe[0,27]

is increasing?

(a) O,%}u{%@n}
T

®) ?5)
T 37

(© 3’7}
T 21

(d) 5’7j

17.

18.

19.

20.

21.

13.
17.
21.
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The value of a for which the function

f(x)= asinx+%sin3x

V2
has an extremum at X = g is

@ -1 ®) 0
¢ 1 @ 2

1 X
What is the minimum value of (;j ?

@ ®) ¢

© e (d) [—

e
The height of the cylinder of maximum volume

that can be inscribed in a sphere of radius a is

RY/4 S5a
@ 5 ® 5
a 2a
© 5 @ 3

The maximum value of the function
f(x)=sinx(1+cosx) is

343
(a) e b) 3

(c) 4 d 343

If the reate of increase of the perimeter of a

sphere is 3, then the rate of increase of its
side us

(@) (b)

N AW
N o NV N N

© (d)

The rate of change of the area of the circle
with respect to its raidus is

(@ mr ®) 2nr
(© 3mr (d)  4nr
Answers
(d) 2. (b) 3. (@ 4. (b)
(b) 6. (o) 7. (b) 8. (¢)
(@) 10. (b) 11. (b) 12. (d)
(b) 14. (¢) 15. (a) 16. (a)
(d) 18. (a) 19. (d) 20. (a)

@  22. (b



10.

11.
12.

Fill in the blanks 13.  The value of x for which the minimum value
. of the function f(x)=cosx is obtained in
The equation of the tangent to y = Jx atthe i .
11 the interval [O, 27r] 1S
point (4 2) B 14.  The minimum value of the function y = 2x°
The equation of the normal to the curve is
y=Nxat(is__? 15. The maximum value of the function y = sin x
The slope of the tangent to the curve y =+/x in the interval [0,27] is____
at the point (1,1) is 16.  Two positive numbers whose sumis 14 and
) ) ) ) the sum of whose squares is minimum are
The intervel in which the function
1 -
f(x)= x* ,x>0 is decreasing is 17. The maximum value of the function xi 1S
The intervel in which the function _
COS X 0 i o 18. Thevalue of x for which the function .~ is
y= : X >V 1sincreasing 1s minimum s
. ) ) o Inx | 19.  The mini e of e’ .
The interval in which the function — B - ¢ MImimum value o 2 18
decreasing is 20. The value of x for which the function
The slope of the normal to the curve x* —5x+6 1s minimum is
2y =3— atthe point (1,1) is 21. The maximum value of ,2,-+"is
The set of values of x for which the function 22. If 25=¢*+4¢ then the acceleration is
= x’ —12x isincreasing is o
S ) _ o x‘ ‘ 8 . 23. If 25 =3¢ + 4 then the velocity is
The 1nte;va1 in which the function 24. If the rate of increase of the perimeter of a
f(x)= is increasing is square is 3, then the rate of increase of the
cosx & S
The value of x for which the function sideis
- . . 25. Therate of increase of the circumference of a
f(x)=4-x—x" Ismaximumis circle and that of the area are 3 and 4
The minimum viaue of X + 1 B respectively then its radios is
x .
The value of x for which the function 26. The mte ofincrease of the volume (?fa sp.her'e
R ‘ is twice that of surface area. Then is radius is
f(x)=3x" —x+3 isminimum is
Hints & Solutions
4x—4y+1=0 7. 1 13. =& 19. e 3
dxty-3=0 & x>2andx<-2 g o 3 3. 3
9. (&) T2
1 15. 1 04 3
2 -1 16. 1 S
2 0. - o 1T g 2 ‘
e, 1 € 4
(,%) 1. 2 17 g 5 25. -
(0,¢) 2 = 3
1 1 "3 26. 4
(e, ) 12. — 18. — :
6 e

/1132 7/



Answer in one word

Write the interval in which the function 6.  Write the maximum value of the function
For the curve y = 33 + 4x, what s the slope 7. Mention the values of x for which the function
5 . .
of the tangent to the curve at a point whose J(x)=x"—~12x is decreasing.
x - coordinate is -2. 8. What is the point on the curve
‘ ‘ x=a(@—sinf) y=a(l-cosB)at which
What is the acceleration at the end of 2 the tangent is parallel to the x — axis?
seconds of the particle that moves with the
9.  If the tangent at each point of the curve
rule g = /7 +1 . R
y=x"—ax’+x+1 is inclined at an
Write the set of values of x for which the acute angle with the positive direction of
function f'(x) = sinx —x is increasing x — axis, then find a.
Write a function which has both relative and 10.  Find thle open interval in which
absolute maximum at the point (1,2) f(x)=x*,x >0 isdecreasing.
Hints & Solutions
Function is increasing in ¢ =cosx>1
Hints: Let f(x)=sin® x—x = cosxeg
fl(x) =2sinxcosx—1 3. The required function is y—2=—(x— 1)2
This function is both relative and absolute
=sin2x-1<0 forall xeR maximum at (1,2)
The function is d ing in the interval R.
© Tunction 1s decreasing in e fnerva 6.  The given functionis y = x° in the interval
= The function is increasing in ¢ [1,5], the maximum value of x5 is 55 = 3125
Slope of the tangent = —
P 8 8 7. x>2 and x<-2.

1
] \/E units
There is no set of values of x for which the
function is increasing.

Hints: f(x)=sinx—x
f'(x)=cosx—1
The function is increasing when
f1(x)>0

=cosx—-1>0

/1133 //

Hints: The given function is
f(x)=x"—12x
fl(x)=3x"-12=3(x"-4)
The function is increasing if /' (x) >0
=3(x*-4)>0
=>x-2)(x+2)=0

—x>2 and y<-2



The equation of the curve is

x=a (0—-sinf),y=a(l—cosO)

dy
2 _do_ Y
dx dx 2
do
The tangent in parallel to x — axis
= 4 =0 = cotQ =0
dx

Answer in one sentence:

Find the interval of x in which the function

Inx o .
y=—, x> ( 1sincreasing.
X

For which value of x, the function
f(x)=5-6x is increasing.

What is the value of a for which the function

) 1.
f(x) =qasinx-+ ESIH 3x has an extermum
tX ﬂ‘?
a ="
3

T

Vs
If f(x)=sinx+2 inthe interval [—5,5} ,

what can you say about the greatest value of

f(x)?

Find the interval where the function
f(x)=sinx+cosx,x € (0,%)

is increasing or decreasing.

Find the exteme point of the function
1

fx)=x+—.
X

What is the equation of the normal to the

11
curve y =+/x atthepoint [Z’E) ?

10.

10.

I1.

12.

13.

14.

15.
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=0=r
sx=a(r—sinz)=an

y=a(l-cosm)=2a
The required pointis (ax,2a)

_S3<a<\3

The decreases in (e,).

Write the equation of the tangent to the curve
v =| x| atthe point (-2,2)

If the tangent of the curve x = ar?, y = 2at

is perpendicular to x — axis the what is the
point of contact?

What is the equation of the normal to the
curve y =sinx at (0,0).

If f(x)=x"+ax’+bx+5sin*x be an
increasing function on the ser R, then what is
the relation between a and b?

If " and g are two increasing fucntions, then

show that fog is an increasing fucntions.

Mention the values of x for which the

function f'(x)= x’ —12x is increasing.

What is the slope of the normal to the curve
2y =3—x* atthe point (1,1)?

Find the equation of the tangent to the curve

x = y* —latthe point where the slope of the
normal to the curve is 2.



Hints & Solutions

The function is increasing in (0, e)

) Inx
Hints: y=—
X

1—1 1
d_y_i[lnxJ_x'x nx.
dx x\ x

o . dy
The function increasing when I >0

1-Inx

2
X

>0

=Inx<l1

= Inx<lne
= x<e
= The function is increasing in (0, )

The function is decreasing for all y e R
If 4 = 2, then the function has an extermum

tx z
at x=—.
3

T
The function in maximum at X = 5

Hints: f(x)=sinx+2

f(x)=cosx
fM(x)=—sinx
For maximum or minimum, #"'(x)=0
= cosx =0
T
>x=—
2

V4 .
When xZE, then f“(x)z—smzz—l

which is -ve

. . T
so the function is maximum at X = 5

10.

12.

13.

14.

15.
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The function then

/4 R4

XE[O,Z}U{T,WF} and decreasing

re[E 50
when 1274 )

increasing

The required extreme points are +1.

The equation of the normal is
1 1

= (=Dl x=—=

y=5=( )( 4j

Equation of the tangent at (-2,2) is
x+y=0.

The required point of contact is (0,0).

Equation of the normal is x + y =0

The required relation is
a’-3b+15<0

(gof) 1s an increasing fucntion.
Hints: Let x,,x, € R such that x, <x,
Here x, <x, = f(x,) < f(x,)

(. f isincreasing)
= g[f(x)<glf(x,)]

(" g Is increasing)
= (gof )(x)) < (gof )(x,)
= gof isan increasing.

The function is increasing when y > 2 and

x<-2.

Slope of the normalis 1.

Equation of the tangentis x+2y+2=0.



Group-B

Short type (Questions & Answers)

Show that the sum of intercepts on the
coordinate axes of any tangent ot the curve

\/; + \/; = \/Z 1S constant.

Show that the tangent to the curve

T
x=a(t—sint),y = at(l1+cost) at t=5

n
has the slope 1— 2

Show that 2sinx+3tanx > 3x for all

xe(O,zj
Sk

Find the interval in which the function
f(x)=3x"—4x’ —12x* +5 is

(1) strictly increasing

(i)  strictly decreasing.

Show that the fucntion
f(x)=x"-3x"+3x,xeR

isincreasing on R .
Find the equation of the tangent to the curve

\ T
x=asin’0 and y=acos’ 0 atgzz.

Find the points on the curve y = x* —11x+5
at which the equation of the tangent is
y=x-11.

Find the
x* + y* —2x—3 =0 at which the tangent is

points on the curve

parallel to x — gxis .

Find the equation of tangent to the curve

T
x =sin3¢,y =cos2t at t=z.

10.

I1.

12.

13.

14.

15.
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Find the equation of the tangent to the curve

x*+3y=3 which is parallel to

y—4x+5=0.
Find the equation of the normal to the curve

1
y =(logx)* at X=-

Find two numbers whose sum is 24 and

product is maximum.

Find the positive numbers whose product is

256 and whos sum is least.

Show that all the rectangles with a given

perimeter, the square has the largest area.

Find the interval where the following fucntion
is increasing,

y=sinx+cosx,x e[0,27]

Hints & Solutions

The equation of the curve is

Jx+y=a (1)

Let p be a point on the curve (1) whose

coordinaty are (x,, ,)

INEN N

Differentialing both sides of (1), we get

lx —=0
2 27 dx
Ldy_ 1
y dx Jx
Ly
dx X



dy Ay

At the point (X;,¥,),— ==
p PR \/;]

Equation of the tangent of the curve (1) at the
point (x,,y,) 1S

:>x\/y7]+y\/x71=\/x7,\/y71\/g

X y
= + =1
NRCARRT
Let the tangent at P intersect x — gxis atA
and y—axis atB.

2 04d=\xNa, OB=\y+a

Sum of the intercepts

_ Jia+iia
a5+

— Ja~Ja = ¢ which in constant.

The given curve is
x=a(t—sint)
y=at(l+cost)

dx
S.—=a(l—cost
% a( )

dy _dat(1+cost)
dt dt

=a[—tsint+1+cost]

dy
@_ﬁ_l+cost—tsint
dx dx 1—cost

dt
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T . T

1+cos—sin—

dy _ 2 2
l—cosg
2

-1-Z
2

Let f(x)=2sinx+3tanx—3x
f'(x)=2cosx+3sec’ x—3

=2cosx+3tan’ x>0

T
forall X € (0,5)

= The function is increasing for all

xe(O,zj
Sk

But £(0)=2sin0+3tan0—3.0
= £(0)=0
= f(x)> f(0)

= 2sinx+3tanx—3x>0

T
— 2sin x +3tan x > 3x forall xe[”’gj

The equation of the curve is
x =sin3¢,y =cos2t

@: 3cos3t, d_y =-2sin2¢
dt

dy

dy
dy _ gt _ —2sin2t
dx dx  3cos3t
dt

—2sin 2.E
4



10.

y=cos2.£=cos£=0
4 2

The point where the tangent is to be obtained
1
is (ﬁ ; OJ
. (L 0]
Equation of the tangent at Nok

242
Whose slope is N is

w2,

The equation of the curve is
2
y =(logx)

dy _d(logx)’ _2logx

dx dx X

slope of the tangent to curve (1) at any point
. dy _2logx

S b

1
slope of the tangent x = " of

dx 1

. —

2log—
(d_yj =€ 2e10g(e_1) =2e
=L

Q

|
Slope of the normal at x = "

B 1 _ 1 1
(—2e) 2e

)

e

14.
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1 1Y
When x=—, y= (log—j =(~loge)’
e e
=1

1
The point on the curve is (;, 1)

)

Q| =

Equation of the normal at (

1 1
l=—|1=-=
4 2e£ ej

Let x and y be the length of two sides of
the rectangle.

Let p be the perimeter P =2(x+ y) which
is constant

:>x+y=§

:>y:£—x

2
Let 4 be the area

A:xy—x[g—xJzﬁx—x2
2 2

d—A:£—2x
dx 2

dA
For extremum — =0 = P _rv-0
dx 2

—x=£

p d*4
When x =~ =
hen 4 then e

which is -ve.

-2

So A is maximum when X = %

WhenAismaximumwhenxzyzg



Group-C

Lont type (Questions & Answers)

: D int t th, dinat f
given slant height is tan~'+/2 when the [iereepts ot Hhe coot uza © zzxes (3) any
volume is maximum. tangent to the curve 4 yZ —gt Isa

. ) ) constant.
Show that the radius of the right circular
cylinder of greatest curved surface that can 9. Show that the length of a portion of the tangent
2 2
be inscribed in a given come is half of radius to 3 4 yi — 4 ntercepted between the axes
of the base of the cone. is a constant.
10.  Find the equation of the normal to the curve
Show that the height of a closed right circular = "
cylinder of given surfaces and maximum givenby x = cos*9 ,y =sin’ g at 0 2%
volume is equal to the diameter of the base.
11.  Find the altitude of the right circular cylinder
Show that the triangle of greatest area that of maximum volume that can be inscribed
T . within a sphere of radius R.
can be inscribed in circle is equilateral.
12.  Find the coordinates of the point on the curve
Find the tangent to the curve y = cos(x + y) Xy—x+y=0 where the slope of the
0< x <2z which is parallel to the line tangent is maximum?
x+2y=0 e
13.  Prove that for allreal x, e < —;
Find the minimum distance of a point on the o .
4 1 14. Findthemaximumvalueoff(x)=x}’x>0
curve + ? =1 form the origin. and show that " > 7°.
. . 15. Discuss the extreme value of the function
Determine the points of extreme values on the \ .
Hints & Solutions

Let ABC and a cone of height ‘h’ and a radius
of the base ;. let / be the length ofthe slant

height.
AR =1

=>hn=0r-r

2= .
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The volume of the cone v is given by

v:lm”zh
:%nh(lz—hz)
| R 3
=§7z(lh—h)

%:%(12—3#)



d>v 1
—=—n(-6h)=-2rh
dh* 3 (=6h)
. - dv
For maximum or mimimum, T =0
:sln(ﬁ—3w)=o
3
=1*-3h*=0
2
:>h2—l—
3
l
h=——
3
1 d*v l

h=—,—=-2 ioh g -
When \/g p7e \/5 which is -ve

/

. . h=
So V is maximum when \/5

popopop 20

3 3
:rz\/gl
3

Let g be the semivertical angle of the come
tan@ = = J2
h
=0 =tan"'\2

Let () be the centre of a
circle of radius a let ABC
be atriangle inseribed in
this circle. Let AB be the
base of the triangle, of
maximum are. Area of
the triangle is maximum when the atitude is

maximum Here ( is at a maximum distance
from the base AB.

C must be on the diameter perpendicular to
AB. CL is the right bisector of AB.

Here 4C = BC

ABC is isosceles.
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Let 9 be the semi vertical angle 4CL
S.<AOL =260
AL = OAsin 20 = asin 20

OL =0Acos20 =acos?26

CL=CO+OL=a+acos20
=a(l+cos20)

Let y be the area of the tringle ABC

Y = lAB.CL = 1.2AL.CL
2 2

=asin260.a(1+cos20)

= a’ (sin26.asin 20.c0s26))

2

= %(sin 20 +sin40)

d _ 2a* (cos 40 +cos20)

do
=4a* cos30.cosB
2
d_); =—4a’ (2 sin 460 + sin 20)
do
d
For extremum, d_Jt; =0

= ¢c0s360.cos@ =0

When cos3920339:%39:%

n
When cosf =0= 6 = By which is rejected.

2
d
When 6 =£,—; =—4a
6 46
T

(2 sin2 r +sin —]
3 3
=—4a’ (2?+£J

2

2



_4 2 3f—_6 2\/7
Whichis —ve

r
So y is minimum when 6 =%

- /ACB =2. %

r
6
— /4=/B="

3
= AABC isequilateral.

Equation of the curve is

y=008(x+), 0SX<2T oo,

Givenlineis x+2y =0 ..cccooeeeenne.

We get
dy _dcos(x+y)
dx dx
= —sin(x+y)[1+—

dy sin(x+y)

dx  l+sin(x+y)

slope of the line (2) = —

- —sin(x+y) -1

1+sin(x+y) S 2

= —2sin(x+y) —[1+sm(x+y)]

:>sin(x+y)=1

]
dx

:cos(x+y):0 :>y=0,x+y=%

T
=>x=—,y=0
> y
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The point is

(z
27

)

2

n
Equation of the tangent at (— ) Oj is

y=0=

2

I

/4
=2y=-x+—
4 2

T
=>x+2y=—
Y75

Given curveis y° = (x— 1)2 (x+2).

Differentiating both sides w.r.t x,

3y 2afy d
dx

dx

d
For extremum, 2o
dx

(x 1) (x+2)

= (x-1)(x+1)=0

=>x=1,-1

When x =1,

When y=-1y°

y=0

=(-1-1)"(-1+2)=4

2
:>y:3/Z:23

Points of extremum are

(1,0) & (_

2

1,23

|



INTEGRALS
Multiple Choice Questions (MCQ)

Choose the correct answer from the given choices:

[breedx=2
b.\’+(l
+C

®  foga (b)
© p4C (d)
I c‘oséx dx is

sin” x
(@ —sinx+C (b)
() secx+C (d
J~ sec2 X N

tan” x
@ —cosx+C (b)
() —coseex+C (d)

J’e(sin’lircos’lx)dx iS

(@ x+C (b)
© 24y (d)
Isinf.coszdx =
2 2
(@) —%cosx +C (b)
1
(©) 5 tanx+C  (d)

Group-A

bx+(l
logb

+C

None of these

tanx+C

—cosecx+C

—cotx+C

none of these.

T

xe?+C

None of these

—lsinx+C
2

1
—cotx+C
2

10.

/1142 /]

J.(l—xz)21 dx =

(@) cos'x+C (b)
() tan'x+C (d)
I(dx + dy) =
@@ xy+C (b)
() x+y+C (d)
J (xdy + ydx) =
@@ xy+C (b)
() x+y+C (d)
J- vdx — xdy _

y2

X

—+C
(a) B + (b)
) x+C (d)

tan~' x

. e
WhatlsJ.1 2dx‘?

+ X
(a) _etanflx + C (b)
etalfl X
+C d
© T=tC @

sin" x+C

None of these

*ic
y

None of these

Yic
X

None of these

Yic
X

None of these

etam’I x + C

None of these



12.

13.

14.

15.

X
y X
—+C —+C
@ ®
() xy+C (d) None of these
sec’ x
What is J —dx?
cosec x

(@ xtanx+C (b) x—tanx+C

(¢©) tanx—x+C (d) None ofthese

_ rsin6x+sin4x
What is j dx 9
cos 6x +cos4x

(a) %ln secSx+C
|
(b) glnsm 5x+C

(©) gln tanSx+C

(d) None of these

dx 3
I x[(log x)2 + 25} S

(a) %tanl(logx)+C
1 (1
Ztan!| Zlogx |+C
(b) 5an [5 ong

) tan” (%log xj +C
(d) None of these

jsin’1 xdx =

@  xcos'x—1-x*+C
®)  xsinx—1-x2 +C
©  xsin”x+1-x2+C

(d) None of these

16.

17.

18.

19.

/1143 /]

dx =

J‘3+cosx+tan2x
2x+sin x+tanx

(a) In(sinx+tanx)+C

(b) ln(2x+ sinx+tanx)+ C

(c) %ln(2x+sinx+tanx)+C

(d) None of these

P
sin” x—cosx
J. M cosxdx =9

V1—sin2x ¢
@ ™ 4C (b)
© e™4C (d)

eCOSx + C

None of these

jsS“.ssx.sx dx =

1 e 1 555x

5 C
@ (msy. O

©) 1 s 4c (d)

f th
s None of these

dx =

| Jtanx

sin xcos x

2Jtanx+C

None of these

@ Jtanx+C ()
©) 3Jaanx+C (@)

_[ CO‘tx dx = 9
Insin x -
(@ Inlnsinx+C (b) Inlncosx+C

(¢) Insinx+C (d) None ofthese

What is the integral of [ ¢ 2xdx ?
@ v +C b) & +C

1 - 1
(C) Eex +C (d) g@x +C



22.

23.

24.

25.

26.

J~ dx o

cos® xsin® x
(@ tanx—cotx+C
(®b) cotx—tanx+C

(©) tanx+cotx+C
(d) None of these

What is the integral of
2 2
ICOt X josec xdx?
X

—l+C l+C
@ ® -

2
(c) ~ +C (d) None of these

2

X
I a’-x’ t— dx = ?
a —x -

(a) sin"'£+C (b) azsin"l£+C

a a
1. ,x
(©) Esm ” +C (d) None of these
1+ iz

X

What is the value of I 1 dx ?
x——+4

X

(a) ln(x—l+4]+C

X

(b) —ln(x—l+4j+C

X

X
(d) None ofthese.

/2
J log tan x dx 9
0

(c) %ln(x—l+4j+C

What is the value of

(@) log2 (b)
©) log4 (d)

log3

None of these

27. What is the value of
72 f ( x) I

f(x>+f(’2’—xj

T
@) ®

()
28. What is the value of

@ o

DY oy

@ 5 ® 5
© 0 @ =

29. Whatis the value of [ sin® xcosxdx
@ o ®
© 3 @ 3

30. Whatis the value of
L”/zlog(tanxﬂotx)dx?

(@) %log2 ®) rlog2
) 2rzlog2 d) 3rlog2
Answers
1. (b) 2.(d) 3.(d)  4.(b)
5. (a) 6. (b) 7.¢c)  8.(a)
9. (a) 10. (b) 11.(a)  12.(c)
13.(a)  14.(b) 15.(c)  16.(b)
17.(a)  18.(b) 19.(b)  20.(a)
21.(b)  22.(a) 23.(b)  24.(b)
25.(a)  26.(d) 27.(b)  28.(c)

29.(a)  30.(b)
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10.

11.

12.

13.

14.

Fill in the blanks:
The definite integral which is equal to

1 & 7

)161_1301;2 2+ is
[CHSE-2018]

/2

IO log tan x dx =

/2 2—sinx )
The value of J:ﬂ/zlog > tsinx dx is

7 1
The value of Io log md 0=
) 1

The value of Jo x(2x7+1)dx is

J‘IOOO ex_[x]dx _

0

Sn
[ o Va—dsin® di =

dx =

J’ﬂ/Z Slnx

\V sin x + VCOS X

3. 3o
.L tan xdx—i—J-] cot” xdx=

J‘eln(coseczxfcot2 x)dx _

COSX —COS2x
[eosx—cosdx

l1—cosx

J.sec4 cosec’x dx =

COSX+xsinx
jeosxasing

x(x+cosx)

2
J- (1+logx) e
1+log(x”l)+x(logx) —

15 [(—dx=

3 aqo0X X+l
16. L[tanl - 1+tan1 }dx:

17. J.Om log(tan x+cos x)dx =

18 [ xlx|dv=

19. Thevalue of J.-'E tan~ — |dx =

X
% dx
20. — Q5 =
J 0 1+ 2sin’x
Hints & Answers
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0
0
2—sinx
Hints: log (2—j 1s an odd function.
+sin x
R
NE)
" 1
Hints: J.l X(2x7+l)dx
1 x°
= d
L x(2x7+1) 3
1
—d
:J~2 7 y I:x7:y
1y(2y+1)
1 2[1_ 2 jd
700y 2y+1
=—[lny-In(2y+1)]
1 2
=—[ln( Y H
7 2y+1) |
=—In—
1000(e—1)

Hints: '[ ; o ey
= 1oooj1 edx
0

[[x]=0]

=1000[e—1]

7.

10.

I1.

/1146 //

4.
Sm
Hitns: Ii\/4—4sin2t dt
= ISE/62\/1 —sin’ ¢ dt

/6

= 2_[5:6 |cot| dt

=2

/6

/2 5—”
I |cos |dt+.|. 6 |cott|dt}
/2

5r
/2 -
=2 J. cost+J.fz—costdt

ol

i)

3~y

Hints: J.: tan™' x a’x+J.l3cot"1 x dx
= f (tan’1 x+cot™ x)dx

3w T 3
Jl de :E[X]l

=7

1

. In(cosec’x—cot? x
Hints : je ( )dx

= Iel"ldx

= jeodx =x+C
2sinx+x+C
i [ECOS2E

cosx—(ZCos2 x—l)

:-[ 1—cosx !

B J‘Zcoszx—cosx—l

d.
—(cosx—1) *




=I(2c0sx+1)dx 16. 27

=2sinx+x+C Hints:1=h3[tan_l 2x +eot™ ] 2x }dx
x7+1 xT+1
1 3 _
12. gtan x—cotx+2tanx+C
3
= Ea’xzz[x]3
i g
COSX+ XSINX+XxX—X
13. 1=f dx
x(x+cosx) _2[3_(_1) .
. 2
(x+cosx)—x(1—smx)
=f dx 17.  rmlog2
x(x+cosx)
7/2 sinx cosx
ints:/ =] 1 d
—.[ dx — J.l smxd Hints: J.O Og(cosx-’_sinxj g
X+cosx
=log x—log(x+cosx)+C =I”/210g 1 i
0 sin x cos x
14.  log(1+xlogx)+c
Hints : T T
" ) =—J. nlogsinxdx—j /zlogcosxdx
(1+logx) 0 0
I:'[ > dx
1+(x+1)log x+x(log x) :—(_Zlogzj_(_£10g2j:ﬂ-logz
2 2
1+1 ?
= (rlogx) . 18. 0
(1+xlogx)(1+logx) Hints: x|x| isan odd function.
1+logx |
JHXIng | xlxldxe=0
dt T
=17 Where ¢ =1+xlogx 19. D)
=logt+C=log(l+xlogx)+C
: g( s ) Hints: I—J.l i(tanlijdx
2 o x3/2
P> ESIHI(F]JFC =Il i<00t_1x)dx
“dx
d
) —I \/—x dx =I1 12dx=—21 lzdx
Hints : \/ 3/2 (3/2) 1+ x 01+x
X
_ S
__'[ dt ——2[tan x] =
3 /(ayz)z_tz [Whosetzxm]
T
20. —
3
2 .t 2 . (X" dx 72 dx
=— —+C=— — |[+C Hints:/ = =2 —
P e (a” st =, 5 =2 e

/1147 1/



2
72 cosec x
2I dx

0 cosec’+2

2
7/2 cOoSec X
2] dx

0 cot’x+3

Answer in one word:

tan~' x

What is the value of J dx ?

e
1+x*

2
Evaluate j M dx
X

dx
What is J.ﬁ ?

2-3sinx
Write the value of .[42‘1)6

COoS X

2
c X

What isJ. 3¢ dx?

cosec x

Evaluate [ dx
valuate | =

X +cos6x

i ——F——d
Write the value of _[ 3 & sin 6x X

2
Evaluate I m dx

Given Iex (tan x +1)secx dx =

e f(x)+C write f(x) satisfying above.

t? +(\/§)2

10.

I1.

12.

14.

15.

16.

17.

18.

19.

20.

/1 148 //

Evaluate I (1-x) Jxdx

/4 3
Evaluate I ST x dx

-

1 2x

dx

Evaluate IO 1

V3 dx
Evaluate L [+

Evaluate J.Oz N4—x*dx

3
2x" —1

Evaluate L s—dx

x

itan”' x
Evaluate IO o dx
x

¢ dx
Evaluate IO

xlogx

/2
Evaluate IO e* (sin x —cos x)dx

/2
Evaluate j . log sin x dx

xt+1

1
Evaluate J-O e 1abc
x

Hints & Solutions

1

etan7 X + C

(log x)3
3

+C

sin'x+C

2tanx—3secx+C

tanx—-1+C
sec’ x
Hints: I —dx = I tan® x dx
cosec’x

= I(sec2 x—l)dx

=tanx—x+C



14. =n
1 X

l10g(3x2+sin6x)+C . . ,
6 I\/4 X dx—[ V4—-x* +—sin” —}
Hints: Let 3x? +sin 6x =1 2 2o
-
= (6x+6c0s6x)dx = dt =0+2sin" 1=7x
15. 1

= (x+cos6x)dx =%dt

3
2x” =1
Hints : Letlz.[l > dx
X

I‘ _dt_—J.;dt :f(x_%jdx

=llnz+czlln(3x2+sin6x)+c
6 6

_{xz_l}z
tanx+C 2 x|
f(x)=secx ~1
Ex3/2_2x5/2+c 16 _2
3 5 : 32
0
tan”
Hints: gin? x i1s an odd function Hints: /= IO xdx
/4 3
S0 Jl ,Sin’xdx =0 Lettan™ x=¢
log2 = dx = dt
1+x°
it 1= [~ d
Hints: { = 011 X When x=0,=0
Let 1+x° =¢ = 2xdx=dt Whenx=1,t=%
2dt 2
I=| — =|log?
J.l t [ g] a tz /4
I= tdt=|—
=log2—logl =log?2. 2],

= (7 )=
12 2112 32

. V3odx 3 3
Hints: |, 1 =[tan” x| 17. log2
=tan"'\3—tan'1 181
_F T_T 19. ~Zlog2
3 4 12 2
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3r—-4

1t +1
0x?+1

Hints: [ =

_'[0 X +1

x —1 x +1)+2
—_[ dx
x*+1

:J‘l x2_1+ 22 dx
0 x +1

x3 O :
= ?—x+2tan X

0

3r—4
6

Answer in one sentence

Write the area bounded by y=-2x,
y=0,x=1and y=3.

What is the area bounded by ,=,,
x=0,y=0,y=17?

Find J-c0s3x cosxdx
m 1+cos2x

. 1

Fde._llx\dx

Whatis the value of o[ (' +5x°)"d
at is the value o )

Evaluate e [f(x) + f! (x)] dx

Evaluate I 2)‘_4% dx.

If f(x):j:ez' sin3tdt then what is

/(%)

10.

I1.

12.
13.

14.

15.

/1150 //

Find the value of m for which

m+1

Ix'”dx;t :1+1

What is the value of

J.e" cosxdx+jex sin x dx ?

1 1+x

It Jécosxln;dx =kIn2 | then what s
2

the value of .

nl2 5
'[ sin’ xdx =17

-n/2

Integrate

J2sinn(a—ﬂ)xsin(a—,3) xdx

Integrate I . cos’ xsin” x dx
1 1 X
If jo Ff(t)dt=2, L f(u)du =—1 then what is
j: F(x)dx?
Answers

Required area = _L} —2xdx =-8 sq. unit.

1
The required area = IO e’dx

= (e — 1) sq unit.

cos3x cosx
oo cosx

1+cos2x

:J.(4cos3x—3cosx)cosx .

2¢cos’ x
1

= I(cos 2x ——j dx
2

:lsin2x—lx+C
2 2



10.
11.
12.

13.

14.

15.

J:| X |:Ij)1 |x| dx + I;|x| dx

= Ji —xdx + '[01 x dx

1.
270 2
21 L2 2.
300
LO (x +5x° )dx 1S a constant. 3
d 300 4 32 B
oam(x +5x)dx—0 4.
The required integral = ¢* f (x)+C
) 5.
[24 7200 =[27(27)7 dx
_ 6.
=I2x.2 Ydx =de=x+C
If f(x)= jo" ¢ sin 3t dt 7.
then f'(x)=e"sin3x 3
m+1
Wh =—1th x"dx #
en m=-1 en_[ — 9
Required integral = ¢* gin x + C
The value of [ isO. 10.
sin’ x 1san odd function 1"
/2, .
SO _[ sin’ xdx =0
-r/2
12.
I2sin(a — B )xsin (o + ) xdx
=_c0s2ﬁx+cos2ax+c 13.
203 2a
The above integral is 0 as ¢cos* xsin® x 1S "
an odd function. '
2 1 2
[ reodx=[ f@xde+ [ f(x)dx
15.

=2+1=3
/1151 //

GROUP-B

Short type (Questions & Answers)

1 Inx V4
Show that Lﬁdxz—glnz.
If f'(x)=€"+— and f(0)=

Evaluate I(log x)2 dx

2x+9

EvaluateJ. X +3) dx

X (4 X )
Evaluate j m

sin xcos x

Evaluate I sin x—2sinx+3 dx

1+
Evaluate I x
\V1-x?

Evaluate I x*tan~' x —dx

1

Evaluate I (1 —x) 1— 2 dx
r/ n”
Prove that I zde = Z.
sin” x +cos” x 4

Integrate j sec x tan xv/'tan” x —3 dx

XCcos~ x

Evaluate I \/7

3x+1

—d
Evaluate I(x+1)2 (x+3) *

sin(x—a)

Evaluate Im‘ix

2
X

Evaluate I(xz +4)(x2 +a)dx




16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

| Jex(l—sinbcjdx
Evaluate —1 oS 2x

dx
xlnx (lnx)2 -4

Evaluate -f

dx

Integrate J. —
gr [RERNE

xe
Integrate j(l+x)2 dx

a

dx
b+ Ce*

Integrate .[

x—1 e-1

e +x

Integrate J T dx
e +x

Evaluate J.sin“ xcos’ dx

3sin x+28cosx

Evaluat dx
VauaeJ. 5sinx+6¢cosx

0 4+3cosx

/2 4+3sinx
Evaluate J- log [—j dx

Secx cosecx
[eex coseex
Intan x

Hints & Solutions

1 Inx
tet /=), e

Let x =sin®
= dx=cos0dO
When x=0, then =0

When x =1 then9=%

Insin @

/2
I= ———c0s0d0o
'[0 \J1-sin’ @

/2
- jo Insin 640

Also I = I:/Z Insin (% - 9)4(9

/2
= IO Incos@do
Adding (1) & (2) we get

/2 /2
21=j Insin @ de+j Incos@ d0
0 0
/2 .
= _[0 [Insin 6 cos 0140

do

72 sin 20
= j In
0 2

— ["msin20d0-"1
_IO nsin 2 —EHZ ......... 3)
Let 20 =¢t = 2d0 =dt
1
=d0=—dt
2
When =0, =0

When 6 =2, 1=x
2
/2 . T . l
J 1ns1n29d0:'[ Insint.—dt
0 0 2

:ljﬂlnsint dt
2 0

= %Uom Insinzdt + J:/z Insin (7 —1) dx}

= 1[2._[”/2 Insinzdt
2 0

/2 .
:JO Insint dt =1

From (3), we get

20=1-Zm2
2

:>I=—£ln2
2
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1 lj(2x—2)+2

Given that /' (x)=e" +—— -—[= dx
1+x 29 x"=2x+y
Integrating both sids, we get
2x-2
:—j dx+ [ — dx
x*—2x+3 x =2x+3

Jf' (x)abc=J‘e"a’x+'|‘1_'_1x2 dx

:%In(xz —2x+3)+J—_ 12 dx

= f(x)=€¢ +tan'x+C ... (1) —
Puttlng x:O, we get »
=—ln(x —2x+3)+itan‘1x—+C
f(0)=¢"+tan" 0+C 2 A NG
1=1+0+C =C=0 x=sinf
2
From (1), we have f'(x)=e"+tan™ x . J'1x7 1+x2 "
' 0 1—x

1 X _xz) 2
= [ J -
1

3+1 x)

_I \/_ Y —J.1x7 Lo’ dx
:3.[01%61)6 +.[;x5\/1—x2dx
-X

Let x =sin@

;
dx =cos0do _[_x
1, —_[0 mdx
=5
I:3I /zﬂcose do

V1 —sin’ 0 J.l )\C/de |:x = t4x3dx dtx3dx = 4dt:|
/2 5 ) 1 x
+I0 sin” @+/1—sin” @ cos @ dO

_ 1 s
d d 470 J1-t
= 3J-0 sin® 040+ IO " sin® 0.cos> 0 d0
[l-t=z2"—dt dt=-2zdz t=0 ,
_ 64 L—1,t=1,2=0]
105
1-z%).(-2zdz
sin@ cos@ :lJ‘O( )( )
=5 de 44 z
sin“@—2sinf@+3
Let sin@ = x :_—1 O(I—Zz)dz
2 1
cos0do =dx
1 ¢1
xdx =3 O(l—zz)dz
Izjz—
x —2x+3
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!
[¥' =t 2xdv=dr *dx=—dl when

x=0,t=0, x=1,t=1]

_3
32
I=1+1,=24+%
3032
GROUP-C

Long Type (Questions & Answers)

Integrate the following
1
dx
L. J.cosx(1+2sinx)
T X
2. Eval —dx
valuate J-O 1+sinx
3 J~1251r.1x—2cosx+3dx
sin x + cos x
1+x*
4. |—pF—dx
o

5. I(er cotx)dx

sin x
I : dx
sin 4x

11.

13.

14.

15.

16.

18.

19.

20.

21.

22.

/1154 7/

12.

Ixz (sin4 x+cos’ x) dx

J-Zsmx+3cosxdx

3sinx+4cosx

1
J‘ dx
(x—2) 3x? —16x+24

J COS X dx

sin 2x +cos x

1
J : dx
2sinx+cosx+3

T xsinx V4
Show that | ————dx=
0 14+cos’ x 4

1log(1+x) T
Show that | —————dx=—log?2
0 I+x 8

2 X

dx .

Evaluate IO 1+ sinx

/2 COS X

d
Evaluate .[o (1+sinx)(3+sinx) )

7 dx
Evaluate L Jx+2+Jx-3

“tan x

/2
Evaluate dx
e e
Prove that
J-a/z dx T
0 g’cos’ x+b*sin*x  2ab

a>0,b>0
/2 1
Evaluate IO xtan~ xdx

2cosx+7

Evaluate j A—sinx dx

1

d.
Evaluate I cos(1+2sinx) i




Hints & Solutions

1
I =
-[cosx(1+2sinx)

dx

COS X

= d.
J‘cosz x(1+2sinx) *

J- coS X
(1—sinx)(l+ sinx)(1+2sinx)

dx

dt

=~[(l—t)(l+t)(1+2t)

sinx =¢
cos x dx = dt]

Let (1—t)(l+1t)(l+2t)

B C
+—t
1+t 1+2¢

B A
1-¢

Lg_—leo d
6 2 3
: 1 I S B
C(1-0)(1+e)(1+2t) 6 1= 2

SA=

1 4 1
+—.
1+¢r 3 1+2¢

=1 Llg-L La’t+fj L
61—t 291+t 3 91+2¢

=—lmu—n—%m0+g+§m@+2g+c

=——In(1-sinx)—=In(1+sinx)+=
6 ln(l+2sinx)2+C 3
x

T
I= -
0 1+sinx

dx

:J~n/2 X dx+j”/2 (ﬂ—x) dr

0 l+sinx 0 1+sin(7r—x)

/2 X 7/2 1
:I - dx+ﬂj —dx
0 I+sinx 0 1+smnx

/2 X
—I ——dx
0 1+sinx
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Let1=jlzslr?x_2cosx+3dx
sin x +cosx

Let 12sinx—2cosx+3:l(sinx+cosx)

+m (cos x—sinx)+n

Equating the coefficients of similar terms we
get

I-m=12 e (1)
l+m:—2 .......... (2)
n=3

Solving (1) & (2), weget [ +5,m=—-7,n=3

o :J5(sinx+cosy.c)—7(cosx—sinx)+3dx
sin x + cos x

=5x—7ln(sinx+cosx)+i

2
1
I 1

—=Ssinx+—=cosXx

2R

=5x—7In(sinx+cosx)+

N



‘[ 1 dx 5. '[( tanx + cotx)dx

T . .T
COS X COS— +sin xsin —
4 4 _J-(\/smx \/cost

\/COSX \/Sll’lx

T )
=5x— 7ln(smx+cosx)+—jsec(x——jdx _J‘ SIn x+CosS X dx

\/_ \2sin x+cosx

. 3 .
=5x—7In(sinx+cosx)+—= sin x 4+ cos x

\/E - \/EJ‘ \/l ; dx

—1+2sinxcosx

as

Sll’l X —COS x

A | I 1+x° 5 it
. X /x 1 = 2_[ — dx

=\/Esin_1t+C=\/Esin_1(sinx—cosx)+C

_J' dx )
sin x
+— : dx
x\/x (x x2 j 6 J‘sin4x
_J- sin x dr
I 1+ x? d 2sin2xcos2x
= | ———dx
x2 x2+L2 :lj Sil’lx
X 281N X COS X.COS 2x
1 1 cosx
I 1+? y J‘cos xcos2x
= x
1 2 _l'[ CcOS X dx
(x_xj +2 4 (l—sinzx)(l—Zsinzx)
1 [sinx =¢
x—;=t cos x dx = dt]
1 1 dt
1+— |dx=dt =—
( xzj 4I(1—z2)(1—2z2)
dt
t2+(\/§) 49\1-2¢ 11—t
1 1 1 1
_ =_ dt d
=In t+\/t2+2}+C zjl—Zt2 491-¢
- 1 1V :l. ! In 1+\/§t —lln(lij+C
=In| x——+ (x——j +2 |+C 2242 1-+2r) 8 \1-¢
X X

/1156 //



1 1+(sinx (1+sinxj
4\/5 1- \/Esmx 1—sinx
= Ixz (sin4 x+cos’ x)dx

~ 2[( 2 2 )2
=[x"|sin” x+cos” x

l—lsin2 2x} dx
2

1—1.2 sin’ Zx} dx
4

1—%(1 —cos4x)} dx

é+lcos4x dx
4 4

=§J.x2dx+l\ x* cosdx dx
4 4

XL sin4x—lj‘xsin4xdx
4 16 8

3

:x—+ix2 sin4x+Lxcos4x—L
4 16 32 128
sindx+C

dx

L [IZSinx+3cosx
¢ 3sinx+4cosx

Let 25inx+3c0sx:l(3sinx+4cosx)
+m(3cosx—4sinx)

Equating the coefficients, we get

3 —4m=2

4/ +3m=3
Solving, I =—, m - L

’ 25 25
.'.2sinx+3cosx:§(3sinx+4cosx)

-2 sin2 x cos2 x:| dx
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—(3cosx—4sinx)

18 (Zsinx+4cosx)—

1
— (3cosx—4si
. J.i 25( COS X smx)

25 3sinx+4cosx

dx

18 a’x—il J«3cosx—4smx
25 25
18

=—x—iln(351nx+4cosx)+C
25 25

2sinx+4cosx

dx

1
'[(x—2)\/3x2 —16x+24
Let 96—221

t

dxz—tizdt

4% —41+3
t2

2
3 —l6x+24 = VA ZHES

t

2 3xr—16x+24 =

_ldt

/= I

—4t+3

N PR /tz—t+é +C
2 2 4

Note : Students should work out the other
problems.



APPLICATION OF INTEGRALS
Multiple Choice Questions (MCQ)

Group-A

Choose the correct answer from the given choices:

The area of the trapezium bounded by the
sides y=x,x=0,y=3 and y=4is

(@) %squnit (b) gsqunit

2S unit d ES unit
© 5% @ 54

The area enclosed by the curve * = x and

straight live x =0,y =1 is sq. unit.
1 oL

@ 5 DN~
1 o L

© 3 @

The area bounded by y =sinx, y=0 and

T, .
x—O,x—E is sq. unit
@ 1 by 2
© 3 d) 4

The area of the circle x* +y*> =2ax is

sq. unit.
@  4rd’ ®)  3za®
©) 274’ d)  za®
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The area bounded by the line y = 2x, x — axis

and the ordinate x =3 is sq. unit.
(@ 9 (b) 8
© 7 @ o6

The area bounded by the curve

y =2x,x—axis and the ordinate y =3 is
sq. unit.

@@ 1 (b) 2

) 3 d 4

The area of the region bounded by

y:Sinx:-XZ% and y =0 is sq.
unit

(@ 4 (b) 3

) 2 d 1

The area bounded by the curve

y:3x2 +5,y =0 and two ordinates x =1

and x =2 is sq unit
(@ 4 b)) 8
(c) 12 d) 16

The areabounded by y=¢*,y=0 ,x=2

and y =4 i sq. unit.
(@ f-¢? (o) P
©) é+e d -



10.

1. (b)
5.(a)
9.(a)

B.
1.

The area of region enclosed by y* = 4ax and
x> =4ay is sq unit

10 13 9
€)) 3 (b) E} '

16 20
(© 3 (d) 3

Answers

3.(a)
7.(d)

2.(c)
6. (b)

4. (d)

8.(c)
10. (¢)

Fill in the blanks

The area of smaller portion of the circle

x> +y° =4 cut off by the line x=1 is
sqg. unit.

The area included between the line y = x and

the parabola x> =4y is sq. unit.

The area bounded by the curve
x=2—-y-y> and y—axisis
sq. unit.

The area enclosed by two curves given by
Yy =x+land y* =—x+11s sq.
unit.

The area of the region bounded by the curves
¥’ =44’ (x—1) and the lines x =1 and

y=4ais sq. unit.

The area bounded by the parabola * = 8x
and its latus rectum is sq. unit.

The area bounded by the curves ) = 8x and

xZ = 8y iS
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The area enclosed between the curves

y=x'and y =1y is sq. unit.

The area bounded by the curve x =4 — y2

and y —axis is sq. unit.

Hints & Answers

4z —33

3
Hints : Required area
= Area of ABC
= 2."]2 ydx
2 2
=2 J4—xdx x

B 471—3\/5
3

8 C
3Scl-ul’ll
Hints:

sq unit.

The given parabola is
x> =4y ..(1)
The givenline y = x ......(2)

4 x°
Required area = J-O (x - _] dx

4
{xz ; T
2 12,

8
3 9. unit.



9 :

5 sq. unit

Hints: on y—axis,x=0
=2-y-3"=0
:>y2+y—2:O
=1’ +2y—-y-2=0
:>(y—1)(y+2)=0

=y=1,-2

1
Required area = L xdy

=JL(2my-r)ay

I
5 sq. unit.
3 sq. units
Hitns: Given curves are
Y=x+1 (D
y=—x+1 ... (2)

Curve (1) a parabola having axis y =0 and
vertex (—1,0).

Curve (2) is a parabola having axis y =0 and
vertex (1,0)

Required area

= [ [0=0) (7 =1)Ja

o2

- o
= Z{y _y_:| 0.1y
3 -1
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Required area= Area of AOB

=2area of AOC
[ Rde
0
2 L
= 2.2\/§J‘ x2dx
0
2
3/2
42| 2
3
2 1o
82 32
= V2 x23/2 =22 sq. unit.
3 3
3 Q. uni
Hints: Two curvesare y* = 8x ........ (1)
X =8y e )
From (1) we get y =2/2+/x o 3)
x2
From (2), we get y = g 4)

Solving (1) & (2)we get x =0, x=8

Required area

_ jj[ﬁx_%dx

64
3 8. unit.




|5 5. unit

Hints : The points of intersection are (0,0)
and (1,1)

Required area = Iol (\/; —x ) dx

ER.
|5 Sq.unit

32

3 s units.

Hints: The given curve is x = 4 —

=>y=vJ4-x
Required area = 2_[04 N4 —xdx

IR,
3 59 units.

Answer in one sentence:

What is the area bounded by the curve
vy = f(x),x—axis and two ordinates x = a

and y=p7?

What is the area bounded by the curve
x= f(»),y—axis and two abscissa x = a

andx:b?

What is the area between two curves
y = f(x) and y = f,(x) and two odinates

x=qgand xy=5"7?

What is the area of an ellipse

2 2
x_2+2/_2:1?
a
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What is the area of the circle radius a ?

What is the area bounded by the parabola

y2 = 4qx and the latus rectum?

2 2

What is the area of the ellipse LIRS ?

25 16

What is the area of the portion of the parabola
y* = 4x bounded by the double ordinate
through (3,0)?

What is the area of the region between the
curve y =cosx and y =sinx and bounded

by x=0

Answers

jb F(x)dx

2
wa
—da

207

8+/3 sq. unit

(\/5—1) $q. unit



10.

GROUP-B

Short questions (Answers & Solutions)

Find the area enclosed by the parabola
y* =4x and the line y = 2x.

Find the area bounded by the curve
y=x,x—axis and xy=-2 and x=2
Find the area enclosed by y=4x-1 and
y* =2x

Find the area of the region in the first quadrant
enclosed by the x — gxis , the line y = x and

the circle x* + y* =32

Find the area of the region between the curves
) Vs
y= cosxand V=S x,x € ‘:O’Z:|

Find the area bounded by

y:ex’y:(),xzzal’ldx:4.

Find the area bounded by y = x* =0 and
x=1

Find the area bounded by
y=sinx,y=0,x=a,x=f,(f>a>0)

Find the area bounded by

. T
=sinx,y=0,x=—,
y y >

Determine the area within the ellipse

2 2

%+z—2=1
Answers
Given that P =4X e (1)
y=2x veeeneen(2)
From (1) & (2), we have
4x* =4x
= 4x(x - 1) =0
=x=0
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When x=0, y=0
When x=1, y=2

Area enclosed by the parabola and the line

= J()l (\/E — 2x)dx
= J-O] 2xdx — Ll 2xdx:%

Required area

J‘i ydx

=J02ydx+

= J.Ozxdx+ Jixdx

= — + || —
2 0 L 2 -2

=2 +2 =4 squnit.

Two curves are

y2 :2x ........ (1)
y=4x—-1 ........ 2)

Their points of intersection

11 1
re (gagj and (Ealj

Required area

= [ “Vaxdy~ [ (4x-1)dx

:ﬁj}\/;dx—4-|‘1;xdx+j§dx
8 8 8

= % sq. units

The equations of the
curves are

V=X e (1)

The line (1) intersect the circle(2)



10.

at B(4,4) and the circle intersect x — gxis

Letas draw gps perpendicularto x — gxis -
Required area = area of the region OBAO
= Area of the region OBMO

+ Area of the region BAf4B
Area of the region OBMO

= J.Oyydx = J.:xdx :%[xz}z =8

Area of the rigion BAs4B

N

[ J(aV2) -
= {l xm +lx32 sin”' LTJE

2 2 42

=4r -8
Required area = (8 +4r - 8) sq. unit
=47 sq.unit
J2 —1 sq. unit
e* — ¢* sq. unit

1
3 S unit

21 B
a In| — i
(a] sq. unit

1 sq. unit

mab. 8q. unit
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GROUP-C
Long Questions

Find the area of the region bounded by the

curve y*=x" and the double ordinate

through (2,0)

Determine the area included between the

parabola y*=x and the circle
x>+’ =2x.

Find the area of the portion of the ellipse
x2 y2
ey + 6= 1 bounded by the major axis and

the double ordinate y =3

2 2

. . X Yy
Find the area of the ellipse ) + 6 1

Show that the area of the smaller region

2 2

bounded by the ellipse % + y? =1 and the

. X )y . 3 .
—4==1 - -2
line 3 1S (7Z ) Sq. unit.

Find the area of the portion of the parabola
y* = 4x bounded by the double ordinate

through (3,0).

Hints & Solutions
The given curve is
yZ — x3
3
S p=xt e (1)

The area is bounded the curve (1) and the
double ordinate through (2,0).

2
Required area = J.O ydx



8
= F V8 sq. unit.

The equation of the
parabolais y* =x ... (1
The equation of the circle is
XY =2x (2)
Solving (1) and (2), we get
X +x=2x
=x -x=0
=X (x - 1) =0
Then the point of intersection of the parabola

(1) and the circle (2) are (0,0), (1,1)and (1,-
1)

Requirtedare = 2 x 4rea of OAB

:2__[01 2x—x2dx—J';x/;dx}
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2 [
B2

+5”} $q. unit

127 sq. unit

The equation of the ellipse is

LA
4
2 2
y

:>3—2+2—2=1 ...... (1)
Equation of the line is

XY

—+==1

P57 e (2)

The line (2) intersect the ellipse (1) at 4 (3, O)
and B(0,2)

Required area = Area of O BCAO

-Areaof O AB

_J \/:dxj 1—— dx

8+/3 sq. unit.



DIFFERENTIAL EQUATION
Multiple Choice Questions (MCQ)

Group-A

Choose the correct answer from the given choices:

Order and degree of the differential equation

(a) lstorder, 2nd degree
(b) 2nd order, 3rd degree
(¢) 2ndorder & 2nd degree
(d) 3rdorder, 3rd degree

Order and degree of the differential equation

dzy
m(EJ:y are

(@ 2&I1 (b) 3&4
(c) 3&5 d 2&2
The order and degree of the differential
dy
3y+—
d’y _ d dx
equation dx’ ld*y are
dx’
(@ 3&3 b) 2&3
(c) 4&l d 4&3
d’s ) .
If T 0 thensisa function of t.
(a) constant (b) linear

(¢) quadratics (d) cubic
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What is the solution of % =8x given y =2
when x =17

(@ y=4x b) y=4x*-2
(c) y=4x*+5 (d) noneofthese

Write the order and degree of the differential
equation

d2 d P 3/2
x—{ =1+ (—yj
dx dx

@ 1,2 (b) 2,2

) 2.3 d 3.3

What is the solution of the differential equation
dy

—=y+2?

dx yes

(@ y+2=Ce"
(b) %(y+2):Cezx
() y+3=Ce"
(d y+4=Ce"

What is the general solution of

%:(ﬁﬂ) (»*+1)2

1

1
(a) tan” y=5x2+x+C

(b) tan™' (g) =%x4 +x+C

1
(c) tan_lyzgx3 +x+C

(d) none of these



10.

11.

12.

13.

Write the order and degree of the differential 14.

. dy dzy
tion —+3y—=—=0
equation i y I

(a) lstorder, 1stdegree
(b) 2nd order, Ist degree
(¢) 2nd order, 2nd degree
(d) noneof these

Write the degree of the differential equation 15.

dzy ’ dy !
| = +x(—] =
dx dx

(a) Istdegree (b)
(¢) 3rddegree (d)

2nd degree
4th degree

What is the differential equation representing
the family of curves y = mx whese m isan
arbitrary constant?

dy dy
= — Xy =—
@ = by w=—r
dy
(c) y=x I (d) none of these 16.

What is the solution of the differential equation

2
(ﬂj —d—y(ex+e")+l:0?
dx dx

@ y+e=c

b) y-e=C
(©) (y+ex)(y—ex)=C

(d) None of these 17.

, : dy
What is the solution of o cos (x - y) ?
@@ cot2(x—y)=x+C
(b) cot(x—y)=x+C
(©) cot%(x—y):x+C

(d) noneof these
/1166 //

What is the solution of the differential equation

(x+2y3)%:y

X
(a) Z=x2+c (b) 21:y2+C
X Y
X 2
(©) ; =y +C  (d) noneofthese

What is the solution of the differential equation

d_y_ 1

dx x(x+l) ?

(a) yzln(%j+C
(b) y:ln(fj+C

) y=In(x+1)+C
d y=Inx+C

. Ay 14y
What is the solution of dx m ify=1
when =1?

(@ sin'x—tan"y=0

(b) tan'y+sin'x=7x

- . V4
(c) tan lyzsm 'x—=

(d) none ofthese.

What is the particular solution of e 1o

dy 1

when x=0,y=1?
@ y=2tan'x+C
b) y=tan'x+1

(©) y:%tan1 x+3

(d 3y=tan'x+2



18.

19.

20.

21.

What is the solution of the equation

2
d g}:e—Zx?
dx

(a) y:ie_2x+Cx+d
1 —2x

(b) yz;e +Cx+d
1 —2x

(c) y:ge +Cx+d

(d) y:%e_szerer

d
What is the general solution of d—z =Xx+xy?

2

@ 142y=Ce” O 14y=ce?
x2
© 14 3y=C ¢2 (d) noneofthese

What is the differential equation representing

the family of curves y = Acos[x+ B]?

dzy dzy

(@) i _y:() (b) i +y:0
d? d’

© “ary=0@ “g-2y=0

What is the differential equation from
y=csecx by eliminating the arbitrary
constant?

2 dy
— =tan
@ dx *
dy
— =tan
®) ¥ dx o
dy
— =ytanx
© dx Y

(d) none of these

22.  Whatis the general solution of the differential
o dy X

equation I = 7 ?

@ x+y'=Cc b x-y'=C

) x*+y’=C @ x*—y*=C
23.  What is the solution of xdx+ ydy =07?

@ x*-y'=C b x+y’=C

2

© xy'=C (@ I ¢
24. What is the differential equation whose

solutionis y =mx+C?

@ 2o 2ec

© Lom @ ey

Answers

1. (b) 2.(a) 3.(b) 4.(c)
5.(b) 6. (b) 7. (a) 8.(c)
9.(b) 10. (b) 11.(c) 12.(c)
13.(c) 14. (c) 15.(b)  16.(c)
17.(b) 18. (a) 19.(b)  20.(b)
21.(c) 22.(b) 23.(b) 24.(a)
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10.

11.

12.

Fill in the blanks:

The particular solution of the equation

d—i=sinx where y=2 when x=7x is

. : dy 4
The particular solution of P (I1+x)",
y=0when xy=—11s

The order of the differential equation

d’y (d’y ’ dy !
dx’ (dsz (dxj 4

The differential equation of all straight lines

passing through originis
The general solution of the differential equation
dy .

I =SsIn x+Cos X contans number
of arbitrary constants.

The differential equation of the parabola
Y =4x+121is

The order of the differential equation

dy ’ d’y
— | + =0 i
(dx} dx* 8

The degree of the differential equation

dvY s dy .
- + - _ 7
(dxj 7 dx’ e

The differential equation whose general
solutionis y =3x+£k is

The particular solution of the differential

ody 1+)°
tl I ) :\/g h =1].
equation e 1o y when y =1

The differential equatio of all non horizonatal
lines in a plane is

d
The solution of In (d_ij =3x+4y is

13.

14.

15.

16.

17.

o N bk

10.

11.
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The integrating factor of the differential
d
equation (x—In y)d_i =—ylnyis

The differential equation whose primotive is

y=acosx+bsinxis_

The differential equation whose solution is

x+a

y=e""is

The solution of

(l +x° ) tan”' y = (l + yz)‘[an_1 xdx
s ?

If p and q order of the differential equation

dy

y= ecT'x’ then the relation between p and q is

?

Hints & Solutions

y=—cosx+C

y=%(l+x)5+C

3" order.
xdy—ydx=0
Two
ydy—2dx=0
Two

One

Hints : The degree of a differential equation

is the power of the highest derivative. Here
3

the highest derivative is 7 ); . Its power is
x

one.

o,
dx

. Lo
tan”' y = tan 1x+3



= & =e" eV dx
dx

=eVdy=e"dx

je“dx—fﬁ‘ydy =C

= le3xdx+le’4y =C
3 4

13. Iny
dzy

14. +y=0
dx? Y
dy

15. Z-y=0

5 e y

16. (tan"] x)2 —(tan"1 y)2 =C

17. p=g=1
Hints : The general solutions of the
differential
equation is y = gsint+be’ ...... (1)

dy
~~ =qcost+be'
. )

d’y
dx’
Adding (1) and (3) from (1), we get

2

=—asint+be' .....(3)

--=2asint
X

—a= ! _dzy
2sint Y dx?

From (2), we get

dy 1 d’y 1 d’y
—=———| y——=|cost+—| y+
i 2sint [y dr? j 2 (y ar

10.

11.
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Answer in one word:

What is the degree of the differential equation

(QT by =Y
dx dx’’

If p and q are respectively degree and order
d
of the differential equation y= eiy.

From the differential equation whose general

solutionis y = gsint+be’

How many arbitrary constants does the general
solution of the differential equation

2

d’y

I =sinx+cosx contain?
X

: : dy :
What is the solution of o 8X given y =2,

when x =17

Write the order of the differential eqation

8 2
dx dx

d2
Write the solution of the equation 7 { =0.
x

What is the differential equation whose general
solutionis y =3x+ K

Write the differential equation of the parabola
Y =4x+12

Given the general solution as

X

y= (x2 + c)e_ of a differential eqation,
what is the particular solution if y =0 when

x=1

d 1
What is the particular solution of 2 3
dx 1+x

given that when x =0,y =1



12.

13.

14.

15.

10.

11.

12.

13.

14.

15.

What is the differential equation whose
solution is y = ¢***?

Obtain a differential equation that should be
satisfied by the family of concentric circles
x2 + y2 — a2

Find the differential equation of all straight lines
passing through origin.

Write the particular solution of

d

d—i=(1+x)4,y=0 when x = 1.
Answers

First degree

p=q=1

dy 1 d’y) 1 d’y
—= — +—| y+
dr 2sint(y dtzj 2(y dr’

Two arbitrary constants
y=4x"-2
2nd order.

y=cx+d

dy _4
dx

ydx—2dx=0
y=(x2+l)e’x
y=tan" x+1

P _

dx Y

dy
x+py—=0
Y

X

xdy = ydx

y:%(l+x)5

10.

I1.

12.

13.
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Answer in one sentence:

Write the order and degree of the differential
equation

2 4
d’ d’ d
dy _(dy +(_yj iy
dx dx dx
Write the particular solution of the equation

zz—ﬂnxf hich y =2
e or which y =

When x=r

Write the order of the differential equation
whose general solution is y = ax* + b where
a and p are arbitrary constants.

What is the order of the differential equation
of all conics whose centre is at origin?

What is the differential equation whose
solutionis y =mx+c.

What is the solution of x dx+ ydy =07?

Write the order and degree of the differential

d’y
equation I [W] =y

Write the differential equation of the family of
straight lines parallel to y — axis .

What is the general solution of the differential
dy x°

equation is ?
d dx y*

For the differential equation from y = csec x
by eliminating the arbitrary constants.

For m the differential equation representing

the family of curves y = Acos(x+ B).

d
Write general solution of d_i =x+txy,

2
Write the general solution of p i} =e "9
x




14.

15.

What is the general solution of the differential
equation

(1+y2)+(x—etan1y)%:0,

Write differential equation of circles passing
through the origin and having their centres on

the x — axis -
Answers

The order and degree of the given differential
equation three and one respectively.

Required particular solution is y = —cosx+1

As in the solution, there are two arbitrary
constants, the differential equation is of
2nd order.

The general equation of all conic whose centre
is (0,0) is ax* +2hxy+by* =0.

As it has three arbitrary constants, so the order
of the differential equation is 3.

2

d
The required differential equation is 7 J; =0
X

The solution of the given differential equation
isx’+y>=C.
As the given differential equation is reduced

2

dx?

to =e”, its order is 2 and degree is 1.

10.

I1.

12.

13.

14.

15.

/1171 7/

The family of straight lines parallel to
y—axis is x = ¢ where ¢ is a constant, So

dx
the required differential equation is d_y =0

The general solution of the given differential

equationis x’ —y° =C.

The required differential equation is

dy
—=ytanx.
P Yy

X

The required differential equation is

2

d’y
dx®

+y=0

The required general solution is

X2

l+y=Ce?"

The required general solution is

|
=—e " +cex+d
Y 4 .

The required general solution is

tan™! 2tan”!
2xe™ V=™ V4 K.

The required differential equation is

y2 =x° +2xyﬂ,
dx



10.

11.

12.

GROUP-B

Short Type (Questions & Answers)

d
Solve <1+x2) d—i+2xy =Cos X

sove XL
ove dx  x*=Tx+12

Find the integrating factor of the differential
equation.

(1+y2)dx+(x—e’ta“71y)dy:0

Solve (x+y)dy +(x—y)dx=0

Find the particular solution of the differential

. d’ .
equation d—f=6x given that y=1 and
X

d
2oy when x =0
dx

Solve

x° (y—l)dx+y2(x—l)dx:O

dy

Solve <x+ 2)’3)5 =y
Solve (xz —1)%+ 2xy =1

Solve xdy+exsinxdx=0

Find the differential equation representing
family of curves given by

(x—a)’ +2y* = a* where a s an arbitrary
constant.

d’ y
Solve cosec. i =X

Find the particular solution of the following

2

) ) . ody 1+y
differential tion — =
ifferential equation R

y:ﬁ when x=1.

given that

13.

14.

15.

10.

I1.

12.

13.

14.

15.
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Solve

(x+tan y)dy =sin2ydx

dy 243
lve —=e"""
Solve o

dy x
Solve —+y=e
dx

Answers
y(1+x3) =sinx+C

y=-In(x-3)+In(x-4)+C

-1
tan
e y

%ln(y2 +x2)+tan_l£=C

y=x +2x+1

2 2

Y

%+xt+ln(x—1)+7+y+ln(y—l)=C

£=y2+C
Y
y(xz—l):x+C

yve’ —e’ —xcosx+sinx=C

dy dyY
=2y 42y =
d ydx 4 (dxj

y=—xsinx—2cosx+Cx+d

. I
tan”' y = tan 1x+5

xyjcoty = /tany +C

—le_3y :le” +C
2

3

ye' =x+C



GROUP-C

Long type (Questions & Answers)

Solve the following differential equation

1.

10.

11.

12.

13.

14.

15.

16.

xdy—ydx =+x*+y*dx

dy 3x=Ty+7
dx 3y-Tx-3
, 2.
dy _1fy_ »°
de 2l x X’

—y+1l)dx—(x+y+5)dy=0
(x=y+1)dx—(x+y+5)dy N
(2x+y+1)dx+(4x+2y—1)dy=0

4.

2
d{= +cosec’x 5.
dx x(x+1)

6.
xﬂ+y:yzlnx

dx
4 4
——ycotx=x
ax y %

7.
dy Y +xy
dx ¥ —x
4 3.

2
d f:4ex+xcosx+seczx
dx
dy . V4
—4+2ytanx=sinx,y| — |=0
TS ,
Q_y—x+1 10.
dx y+x+5 11.
yvdy+e'xdy=0 12.
d? )

)2/=s1n3x 13.
dx

14.
d
_y.|_y:
dx 1+¢ 15.
(1+y2)xdx+(l—x2)ydy:0 16

/1173 7/

Answers

2

In Z+ 1+y—2}=lnx+C
X X

X? Y+X

v oxT? (v-x)
In| —— } x( _ j:CX‘3
Where X =x,V =y-1

L7 2
“Jx=—"1cC
y Jx

2

(x+3) =2(x+3)(y+2)-(y+2) =C

a

2(2x+y—1)+1n(2x+y—1):3x+

1nx_21n(v_1)_z(_Lj:c

Yy
where V=
X

| —

=lnx+1+Cx

.39 9 .
SIN° X =—XCOSX——Sinx——
4 4 12

<= e

xcos3x+%cos3x+C

X my=2mx+cC
y X

y=4e" -xcosx+2sinx+Insecx—x—2

ysec’ x =secx—2

1ln[(x+2)2 +(y+3)2}+tan_1

2

+3
y -C

x+3
(y-1)e’ =xcosx—sinx+C

y:—Sing3x+(x+1)

ye* =log(1+ex)+C

In(1+y*)=In(1-x*)+C



VECTORS
Multiple Choice Questions (MCOQ)

Group-A

A. Choose the correct answer from the given choices:

I If g=i+2i+2k,b= 22_2}‘.;_2]} and 5. The direction cosines of the vector PO

¢=—i+2]+kthen where gp =(.,0-2) and
(@) 4 and § have the same direction 00 = (3,-2,0)are
(b) 4 and . have the opposite direction (@ 2,-2,2
(c) p and . have opposite direction (b) 4,-2,-2
(d) no pair of vectors have the same 1 11
direction. (c) ﬁ_fﬁ
2. If the vectors g= 2}+3}'_6]} and @ i _—_1 —_1
b= af+}'_2/€ are parallel then o = \/g \/g \/6
2 AN A
@ 2 ® 5 6. (21—4]).(z+]+k)_
2 | @ -3 ®) 2
) -3 @ 3
3 3 ) -1 d -2

3. Ifthe position vectors of two points A and B e A A A A A A
A A A A A 7. Wa=i+2j-kb=i+j+2k
are 3j 4k and 2i+ j—k then the vector T

and j=2;j— j then

BA 18
~ A ~ A a PN

@ —i+i-2k ) i+ @ ald
o o b)) blc

© i-j+2k ) i-j-2k © .2

4. If‘k[,‘ =1 then (d) no pair of vectors are perpendicular

-1 - 1 A T A

(a) azz (b) a—m 8. (z+k)x(z+]+k)
. o @ i b) i

(©) d @ | © k-2-j @ 2

/1174 7/



10.

11.

12.

13.

14.

A vecter perpendicular to the vectors ; + ;
and [ 4 f is

A

@ i-j—k (b)

© k-j-i (d)

—k+1

~.

i+]+k

The area of the triangle with vertices
(1,0,0),(0,1,0) and (0,0,1) is

(@) (b) 1

© d 2

w‘& D=

If 4 and § are unit vectors such that ; x / is

a unit vectors, then the angle between ;x j,

is a unit vectors, then the angle between g

and p is
L2 o Z
@ - O
) =« (d) none of these
d. (l; X Zz) =
@@ 1 (b) 0
© o0 (d) none of these

For the non zero vectors 5,1; and ¢,

a.(ExE) —0 if
@ bpi1c (b) alb
() alle d alc

15.

16.

17.

18.

19.

20.

/1175 7/

If G=i+jb=i-and ¢=5{+2]+3k, then

b.(¢éxad)=
(@ -2 (b) -4
() -6 (d -8

If ABCD is rhombus whose diagonals cut at
the origin O, then

OA+OB+0C+0OD=____
@ o (b)  4B+AC
(© 2(4B+4C) &) 4C+BD

The unit vector along { + j + % is

i—j+k i+j—k
(a) N (b) NG
i+ j+k
(c) NG (d) none of these

If the position vectors A and B are

3i+2j-3k and 2{+5j—k then
AB—=_ .

@ i-3j+2k () —i+3j+2k
(¢) i+3j-2k (d) noneofthese

If ABCD be a parallelogram whose diagonals
intersect at P and o be the origin, then

OA+OB+0OC+0OD equals_____.

(@ opr ®)  20pP
) 30P (d)

If two forces 4 + j—3k and 3i + j—k act
an a particle at a point. Then theor resultant is

40P

@ 7i+2j-4k () 7i-2j+4k

() -7i+2j+ 4k (d) none of these



21.

22.

23.

24.

25.

26.

If ‘3? + ] - alg‘ =5 then the value of a is

@ 5 (b) /10
)  +/15 d +J20

If q=2{-5j+8k, b=i-3j-7k and
E=_3]'+2j‘_]€ then‘21+l;+2‘ is

(@ 2 (b) 4

() 6 (d 3

If =7++/3j and p=3j+4k then the
value of ‘ZI‘+‘B‘ 1S

(@ 5 (b) 6

© 7 d 8

If q=3i+3j+k and p=-2{+j-2k

then the unit vector parallel to 4 4 5 is

i+4j—k X i+ ]+k
@ 35 ® 3

—i+4j—k ’ i
(c) —3 NG (d) none of these

If q,b,c are the position vectors of the

vertices of A ABC then 4B+ BC +CA 18

equal to
@ o ®) 24
©) 2 ) a+b+c

If D,E,F be the middle point of the sides
BC,CA and 4B of AABC then

AD + BE + CF is
(@ 24 () 2p

© 2c @ o

28.

29.

30.

31.

11176 1/

If o,b are the position vectors A and B
respectively then the position vector of a point

C on AB produced such that 4 =3 4B is

@  3a-b ®)  3h-a

(©) 3a-2b (d)  3p-2a

If ABCD is a parallelogram and 4g — 4 and

AD=bthepp=_

@ b-a b)  a-b

© a+b (d) none of these
In a parallelogram ABCD if

AB=i+2j+3k and BC=2i+4)-5k

then the unit vector along 4 is
() l(—3f +6]+ 213)
7
(b) 1(35 ~6]+ 2/2)
7
© l(3i +6]-2k)
7

(d) none of these

If q,b,c are position vectors of the points
A,B,C respectively then 4B+ BC + AC 18
@ o ) 2(b-a

© 2(c-a) @ a4prc

If the position vectors of A and B are
3i —2j+k and 27 +4j -3k then the length
of 4g'1s

@ 15 ®) 25
© 35 @ 53



32.

33.

34.

35.

36.

If ; and } representthe sides 45 and BC
of aregular hexagone ABCDEF, then 4 is

@ b-a (b)
©  a+b (d)

a-b
none of these

The position vector of a point which divides
externally the join of 2, —3p and 3, —2p in
the ratio 2:3 is

() %(125—1313) (b) %(13&—1213)

(c) %(q - l;) (d) none of these

1f|a+ 5| =|a~b| then

(@) 4 isparallelto p

(b) 4 isperpendicular to
© o=}

(d) none of these

If q,b,c are three mutually, perpendicular
vectors each of magnitude unity then
‘ZI+B+E‘ is equal to

@ 3 b 1

© 3 (d) none of these

The angle between the vectors 27 +37+k

and zf_j_lé is
r r
@ = ® %

(c) (d) none of these

w |y

37. If ‘Zl.l; = ‘Zl X I;‘ then the angle between

and p is

@ 0o (b)  45°

© 135 d 180°
38. If the vectors f_2xj'_3y]€ and

[+3x7+2 y]€ are orthogonal to each othe

then the locus of the point (x, y) is

(a) acircle (b) anellipse

(c) parabola (d) astraight line
39. 1f|a|=2,[p|=5 and [ax B =g then & . 5

is equal to

@ 0 (b) 2

c) 4 d 6
40. 1If 4 beany vector then

o[ +fax i +fax [ =
@ |a ® 2lal
© 3l @ 4fal
Answers

1.(d) 2.(c) 3.(c) 4.(d)
5.(c) 6. (d) 7.(c) 8. (b)
9.(a) 10. (c) 11.(b)  12.(b)
13.(a) 14. (¢) 15. (¢) 16. (a)
17. (c) 18. (b) 19.(d)  20.(a)
21.(¢) 22.(c) 23.(c) 24.(a)
25.(a) 26. (d) 27.(d)  28.(a)
29. () 30. (¢) 31.(d) 32.(b)
33.(a) 34. (b) 35.(c)  36.(a)
37. (b) 38. (a) 39.(d)  40.(b)

11177 1/



10.

11.

12.

Fill in the blanks:
If ‘Zz l;‘ = [Zz X E} then the angle between
and p, is

If ; and p are two vectors such that

a
a.b=0and g x =0 then

If , lies in the plane of  and . then the

value of [a b C} is

If‘Zz‘ ~1|p

=5 and H =3 then the value of

[a-b b-c c-alis

If ¢q=2{+3j+k, b=2i+pj+3k and

c=2i+17] - 3/ are coplanar vectors then
the value of p is

If ; and § are two vectors of magnitudes
/3 and 2 respectively and 4.5 = /6 then the

angle between 4 and p is

If 3i+2j+9k and [+ pj+3k are
perpendicular then the value of p is

q and p are two vectors having the same

length /2 and their scalar product is -1. Then
the angle between two vectors is

The projection of the vector 7; + ; — 4% on

2i+6j+3k is

If 4 and p are unit vectors inclined at an
. 0

angle @, then the value of sin By is

For a unit vector Zz,(;c - Zz)(;c + Zl) =15 then

-

1f (a—b).(a+5)=27 and |a|=2[F| then

the value of ‘Zl ‘ is

13.

14.

15.

16.

17.

If ‘a‘ =3,

a . b=6then

13‘22 and
la+5|=

If ; and } be two vectors of the same
magnitude such that the angle between them

is 60° and ¢.p=8 then the value of
=

If‘Zz‘ _4,

1;‘23 and ¢ . b = 6, then the angle
between , and j is

If q,b,c are three mutually perpendicular

vectors each of magnitude unit then
@b -
If ; and p are two vectors such that

‘Zz.a = ‘Zz X 1;‘ then the angle between , and

b is

Choose the correct answer

18.

19.

20.

21.

/1178 1/

For any three vectors 3, b, ¢,

[db+¢ da+b+¢]=

@ 0 i) 2

(i) 3 @iv) 4

The value of [ j k] is :

@ 0 i) -1

Gi) 1 iv) 2

If the vectors 3=21—3j +k, b=3i—] +k

and ¢=1+2j —k are coplanar, then the value

of tis .

o 1 i 2

(i) 3 (iv) 4

If |ﬁ| =1, B‘ =5and |E| =3, then the value

of [a-b b-¢ ¢-d]=



Answers

45°

8.
Either ;4 or p isanull vector
0 9.
0 10.
B 11.
T 12.
4 13.
-15 14.

Answer in one word.

What is the angle between 2; + 3/ + k and
2i-j-k?
What is the scalar component of the vector

b=8i+ j in the direction of the vector
a=i+2)-2k?

If 6i+2j-3k and [-4j-mk are
perpendicular to each other, then what is the
value of m?

If ‘E+ﬂ = ‘g—m then what is the angle
between  and g?

What is the projection of ; + j + k on the

vector ; ?
What is the angle between 3/ +4; and
2+ j+-Bk?

What is the angle between two vectors , and

p with magnitude 2 and 1 respectively such
that 4. p =+/3?

w |y

-bUlO\-b,\”,_\”oo

IS

10.

I1.

S

12.

13.

/1179 1/

15. =
3
6. N3
17. =
4
18. 0
19. 1
20. 3
21, 0

If g=2i+2j—kand h=6i —3+2k then

whatis 4 p?

If ¢=2{+2j+3k, b=—i+2j+k and
¢=3i+ j and g 4 ¢p is perpendicular to .,
then what is the value of t?

If ‘215‘ =‘21 X B‘ then what is the angle

between ;4 and f ?
If (Zl X l;)+(;l . 5)2144 and ‘ZI‘ =4 then
what is ‘l;“?

What is the unit vector which is in the direction

of the sum of the vectors g = 2i+2 -5k
and p =2+ j—7k?
What are the values m and n for which the

vectors (m—l)f+(n+2)j’+4l€ and

(m+1)i+(n-2)+ 8k are parallel?



14.

15.

16.

The position vectors of A and B are 17. What is the value of ‘a’ such that the
3i-2j +k and 27 + 47— 3 then what is vectors 6f 427 — 3k and |+ 6]+ ak are
the length of 457? perpendicular?
What is the magnitude of 25 x 37 ? 18. 1If 4 and p are unit vectorsand , — isalso
a unit vector, then what is measure of the angle
If q,p and ¢ be three vectors such that between , and ; ?
a+b+c=0 and ‘a‘:l,b =4 and ‘C‘:Z 19.  What is the measure of the angle between two
then what isthe value of g B+5. c+c. 52 main diagonals of the cube?
Answers
n n 14. [53
—_ 7' —_
2 6 15. 0
10 8. 4 )
3 9. 8 1
0 = 10"
_z 4
3 17. 6
1. 3
% 18. 120°
12. i(4§+3}—12/€)
1 13 19. cos™ l
‘ 3
42 13. m=3,n=-6
4

Answer in one sentence:

Write a vector normalto / 4 t and j + ;?

If ; and § are unit vectors such that 4 x p is
unit vectors, then what is the angle between
q and j?

What is the unit vector perpendicular to the

vectors  — 7 and 2/ —3; ?
Find the value of ‘a’ such that the vector
6i +2j-3k is perpendicular to

[+6]+ak-

/1180 //

Write a vector in the direction of the vector

i —2 + 3k what has magnitude 9 units.

Write the value of the cosine of the angle
which the vector ¢ =7 + j+k makes with

y—axis .
If g = xi+ 27— 2k and b= 37+ yj— 2F are
two equal vectors then x+y+2z?

Find a vector in the direction of vector

2i -3+ 6k which has magnitude 21 units.



10.

11.

Find the unit vector in the direction of the sum

12.
of the vectors g=2/+2j-5k and
~ -1 ‘
If a.b= 5 then what is angle between §
and p? 14.
-  =\2 - - .
If (axb) +(a.b) =144 then what is the
value of ab? 15.
Answers
A vector normal to ;4% and j+; is 2
i+ j+k.
t 9,
- -. T
The angle between , and p is 5
The unit vector perpendicular to ; — ; and 10
21-3j is _f
The required value of ais 6. 1.
s A s 12.
The required vector is 3 (l -2j+2k ) .
13.
The required cosine of the angle is 5 14
The required value of x+ y +z is0. 15.

/1181 //

What is the projection of ; + j + k upon the
vector [ ?

If A,B,C,D,E are the vertices of a regular
pentagon, find the vector sum

AB+BC+CD+ DE + EA-

If g, and ¢ are three mutually perpendicular
vectors, each of magnitude unity, then what

will be magnitude of ;5 4+ 5 +¢?

How many directions of a null vector has?

The required vector is 67 —9 j + 18k

The required wunit vector is
4 ~ 3 n 12 ~
13 137 13

T

The required angle between 4 and j is 3

The value of gp is 12.

The required projection is 1.

—_— —_— =

Ab+BC+CD+DE+EA=0

The magnitude of 4+ 5+ ¢ iS+/3

The null vector has arbitrary direction.



10.

11.

GROUP-B

Short type (Questions & Answers)

Let ag=i+j+kb=4i-2j+3k and
¢=i-2]+Fk .Find avector of magnitude
6 units which is parallel to the vector
2a—b+3c-

Prove that for any vector g, 5 and ¢

[ZHZ; b+c E+Zz} :Z[ab c]

If @, b, ¢ are three mutually perpendicular then
prove that [Zz.(l;xé)}z =a’b’c’

Ifi+j+ k and 2j—aj+ 3/; are orthogonal
to each other then find « .

Using vector method prove that an angle
inscribed in a semi circle is a right angle.

If Goi-2jedbotiejok and
E=}+]€thenﬁnd[2152].

Find a vector } such that gxp=¢ and

A

a.b=3 where g=i+ j+k,c=j—

=

Prove by vector method that in a trangle
ABC, ¢* =a* +b* —2abcosC

Determine the area of the parallelogram whose

sides are the vectors 27 + j and [ _ .

If the position vecotrs of the points A,B,C
are 2f + j—k,3i—2j+k and j +47 -3k
respectively the prove that A,B,C are
collinear.

Find the scalar projection of the vector

a=3i+6j+9% on p=2i+2j—k.

12.

13.

14.

15.

16.

17.

18.
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Find the value of ; such that the following
vectors are coplanar.
A Ak, 21 +4]+5k, 27 +4] — 4k .
Prove that four points with position vectors
i+j-3k2i-j—k,~i+2j+2k and

27 4+ 2 arecoplanar.

Using vector method find the area of the

trangle with vertices (1,0,0),(0,1,0) and
(0,0.1)

Write the volume of the parallelopiped whose
sides are give by —j k,— .

If the sum of two unit vectors is a unit vector
then find the magnitude of their difference.

If the magnitude of the difference of two unit
vectors is /3 then find the magnitude of their
sum

Ifa=(13,6), b=(2,-2,1) and
c= (=1,0,2) find the direction cosine of
b — a + 2¢ and unit vector in the direction of
b—a+2c
Answers

2i—4)+4k
Hints: 2q—bh+3c=7-2+2k

Unit vectior along 24 —p + 3¢

1 A ~ N
= 5(z —2j+ 2k)

Vector of magnitude 6 units

N

= 6.%(?—] +2/€)

=2i—4]+4k



hxc is perpendicular to p and =SX+y+z=3 1)

Also  is perpendicular  and ¢ Again gx b =c

~.a and p x¢ are parallel. Pk

ZZ(BXE):‘ZI‘ ‘l; XE‘ =1 1 1=0i+/-k
X y z

- ‘a‘ ‘b‘ ‘c‘ sin 90°

:>f(z—y)—j(z—x)+l€(y—x):Of+}—l€

- = =72 - — -
=[abxc| <ap|bflef zoy=0 Dy=z
=a’b*c? —(z—x)zl =>x—z=1
0=5 y—x=-1 =>x-y=1
.. ) 5 2 2
Let A4 pB be a semicircle and 0 be the Solving we get x =§,y :E,Z = 3
centre of'the circle.
. - 5, 2, 24
Letog4 =a, 0B=— bh==i+=Zj+=k
04 =a ¢ R
S0P =7 _
9. 12 sq. unit
| OA|=| OB |=| OP |

. 11.  The scalar projection of 4 on p
=lalH-alHr]

AP=OP-OA=1r—-a =\&\c0s9
BP=0P-OB=r+a ;
L ~J126.—=2—=3
AP.BP:(r—a).(rJra) 126
—r—a 12. Leta=—i+Aj-Ak
=[rf-laf=0 b=2+4]+5k

= AP isperpendicular to BP

— /APB isrightangle. c=-20+4)-4k

The vector are coplanar

12
Given g =7+ j+F .-.&.(Bxé):o
i=0i+j—k 14 -
Let b =xi + yj+2k =2 4 5|=0
Given that g p =3 2 4 4
=A=2

:>(f+]‘+l€).(xz°+y]‘+2l€):3
/1183 //



13.

14.

15.

16.

Let A,B,C,D are four given points whose p.vs
are ; + j—3k,2i — j—k»

—i+2j+2k,and 2} +2k
AB=i-2j-2k
AC=-2i+]—k
AD=—i+j—k
E(ﬁx E) =0

So the points A,B,C and D are coplanar.

isq.unit

2

1 cubic unit

Let 4B=a,BC=b

AC = AB+BC
=a+b

Given that | 4B |=| a|=1

|BCHHb=1
|AC|Ha+bl=1.

ABC is an equilateral triangle.
Let us produce CB to D such that BC=BD

BD=-BC=—b

A

E:ﬁuﬁ:m(—é):&—b
Z/CAD =60° +30° =90°

ZACD =60°

Fromthe A ACD,

17.
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tan ZACD = @
| AC|

S

Q>

|a+

= tan 60° =

S

=3 =

a-b|

—|a-b=3
Let OA=a,AB=b

OB=d+b
Letus produce BAto C

such that 4C = 4B

< AC=-AB=-b

OC=04+AC=a4-b
Given that | G —b |=/3
—|a-b[=3
A\ 2
:>(&—b) =3

—a*+b*—2abh=3

—1+1-24.h=3

= 0AC=120" = ZAOB = 60’

Since we have (OA =| E|: 1

|a+b|= OB =1



GROUP-C

Long Questions.

A - A A A 11.
1. If a=2i+k>» b=i+j+k and
c= 42_3} + 7k the nfind the vector ;. which

satisfres xb = c¢x b and ra=0-

2. Prove by vector method that in any trangle 12.
ABC, a=bcosC+ccosB.

3. Prove by vector method that in any triangle
ABC,a* =b* +¢* —2bccos A-

4. If q=2i+j, b=-i+2kc=2j+k find |

ax(bxc) and also verify the formula
ax(bxc)=(ac)b-(ab)c

5. By vector method find the area of a triangle
whose vertices are 4(2,-3,5), B(30,7)
and C(4,0,6). Also find /BAC.

6.  Prove by vector method that the diagonals of
athombus are at right angles

7. It 9 be the measure of angle between the
vectors 2_3}4.]} and ;+}_+;€ then find the
value of sin @

8. Obtain the volume of the parallelopiped
whose sides are vectors g = 2j — 3}' 4k,
b=i+2j—k and ¢=3i— j+2k

9. If g,b,c are mutually perpendicular vector
of equal magnitude, prove that ;7 _cis
equally inclined to f and .

10.  Prove that the four points with position vectors
4i+5j+k, —j—k3j+9j+4k and
—4i + 4 + 4k are coplanar.
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Find a unit vector perpendicular to the

following two vectors g = 2}' + 3}‘ + 6k and
b=3i—6j+2k

Find the value of 4 so that three vector
a=2j-j+k, b=i+2j-3k and

¢ =3i+ A+ 5k arecoplanar.

Answers

Given that

a=2i+k

— ~

b=;+j+/Ac
c=4;-3j+7k
Let ;=x§+y}'+zlAc

Giventhat 7 xp =cxp

P
=4 -3
I 1

— e
—_— N b
—_

:>;(y—z)—}'(x—z)+ic(x—y)

=i(-3-7)=J(4=7)+k(4+3)

=i(y—z)+j(z-x)+k(x-y)

=—10i+3j+7k
=y—-z=-10 ... (1)

Z—x=3 )

x—y=7 en(3)



Also giventhat , 4 — ()
= (x;+yj+zl;).(2§+/;) =0

j— 2x +z= 0 ............ (4)
Solving (1),(2),(3) & (4),

weget x=—-1,y=-8,z=2.

cr=—i—8)+2k

Giventhat g =2+ j+ ok
Bz—}+0}'+2l€

E=0}+2}'+l:t-

ol

X

o

Il

|

[
N O D
—_ N SO

=2j+4j+6k  wn(l)

A

2i+}+ol}).(—§+2}'+/}) _9

ac =

ab :(2;+}+0;€) .(—f+o}'+2l€) o)
(

=2(~j+2k)~(-2)(2] +k)

=-2i+dj+6k 2)
From (1) and (2) we see that
ax(Bx¢)=(ac)b-(ab)c.
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3J3 )
Area of the AABC = T\f sq. unit

m/BAC =cos™ [ij

V140

Let 4BCD bea

rhombus.
Let AB=a,AD =b

BC=4D=b

AC=AB+BC=a+h

BD=AD—-AB=bh—-a

Since it is arhombus,

=
ACBD ~(a+b).(-a)
_ Bz B 212

—

b

2 2

=l —la| =0

— AC isperpendicularto gp.

—> The diagonals of a rbombus are at
right angles.

sinf =4 3
\' 33

Volume of the parallelopiped

[a b c]
2 -3 4
- 2 1 — 7 cubic unit
3 -1 2

(szB)x2=19§+31}—131€



9.

10.

i+
ab=bc=ca=0
Let ,_p— o makes angles

a & B with two vectors f abd ..

O o L
‘a—b—ch‘ _‘a—b—c‘
.......... )
__
R PR
i

= cosa =cos 8
>a=p0

OA=4i+5)+k

A~

OB=-j—k

I1.

12.

/1187 1/

%z32+a}'+4l€
OD=-4i+4)+4k
S AB=-47-6]-2k
E:—§+4}'+3l€

AD=--8i— j+3k

4 -6 -2

. 3

AB.(ACxAD):—l 4 =0
8 -1 3

— AB, AC, AD are coplanar

= The points A,B,C,D are coplanar

Unit vector perpendicular to 4 and p

axb 1

:W:7(6§+2}—3k)
A=—4



THREE- DIMENSIONAL GEOMETRY
Multiple Choice Questions (MCQ)

Group-A

Choose the correct answer from the given choices:

What is the image of the point (6,3,—4) with
respect ot yz plane?

(a) (673 74) (b) (6’_3 5_4)

© (-6,3,-4) d (-6,3,4)

If the direction cosines of a straight line are

2 3 k
<7,7,7> then what is the value of f ?
(@ +4 b)) =6
() +8 d =10

If a line makes an angle 9(° with x — gxis

60° with y-axis then what angle it-makes with

z-axis?
@ 30° (b) 45°
© 60 (d 90°

What is the value of } for which the line
x=2 1-y z-1

is parallel to the plane

2 k 4
2x+6y+3z-4=07?
@ 1 (b) 2
© 3 d 4

What is the equation of the plane passing
through (1,1,2) and parallel to the plane

x+y+z-1=0

@ x+y+z=0

(b) x+y+2z-1=0
() x+y+z=2

d x+y+z=4
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6.

What is the equation of the plane passing
through (1,-2,3) and perpendicular to

y—axis ?
@ y=-2 b)) y=2
() y=-4 @ y=4

The equation of the plane perpendicular to z-
axis and passing through (1,-2,4) is

(@ x-1=0
(b) y+2=0
() z-4=0

d x+y+z-3=0

The distance between parallel planes

2x-3y+6z=0 and 4x—-6y+12z
—5=01s
1 1
@ ® -
4 o6
© 3 @

A plane whose normal has direction ratios
<3,—2,k> is parallel to the line joining
(—1,1,—4) and (5, 6, —2). Then the value of
k18



10.

I1.

12.

13.

The symmetircal form of the line
2x+z-4=0=2y+z is

x=2 y-0 z-0
@ T T

b x=2 y-0 z-0
®) 2 3 2
x-2 y-0 z-0
© TS

(d) none of these

What is the distance between the parallel

planes 2x—y+3z=4 and
2x—y+3z-18=07

@ Ji2 b) 14
© 16 @ 20

What is the equation of x — gxjs in symmetric
form?

x-0 y-0 z-0
@ 57T T

x-0 y-0 z-0
®) 1 0 0

x-0 y-0 z-0
0 0 1

©

(d) none of these

What is the direction cosines of a line passing
through (0,0,0) and (1,2,3)

o (G

o (75 )

o (G

(d) none of these

14.

15.

16.

17.

18.

19.
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What is the equation to the plane
perpendicular to y—axis, and passing

through point (0,-2,0)?

@ y+1=0 ()
© »y+5=0 (@

y+2=0
y+6=0

What is the projection of the line segment
joining (1,3,-1) and (3,2,4) on z — gxis ?
(@ 4 (b) 5
c) 6 d 7

If a, B, y are the angles which a directed line

makes with the positive direction of the
coordinate axes, then what is the vlaue of

sin® o +sin” B +sin’ y ?

@ 1 (b) 2
© 3 d 4

What is the equation of the line passing
through the point (4, -6, l) and parallel to

x-1_y+2 z-1

the line

1 3 -1
@ x;4=y_+16=z_—11
) x;4:y_+16:z;1
© x;4:y;—6:z_—11

(d) none of these

What is the image of the point (-2,3,-5)

with respect to the zx — plane?
(a) (2’ 37 _5) (b) (_2a _3,_5)
© (3-2-5) @

What is the value of } for which the line
x=2 1-y z-1

(2,3,5)

3 P’ 4 is parallel to the plane
2x+6y+3z-4=0
(@ 1 (b) 2
© 3 d 4



20.

What are the direction cosines of the line
perpendicular to the plane

3x=2y-2z+1=0

o (T

o (Fr T

< 3 2 =2 >
© \7 T T
(d) none of these

Fill in the blanks:

The equation of the line passing through
(-3,1,2) and perpendicular to the plane
2y—z=31s

The direction cosines of z — gxis are

The distance of the point (4,5,-3) from
y—axisis
The equation of the plane that passes through

y-axis and z-axis is

The distance of the point of intersection of
the plane ax+by +cz+d =0 and z — gxis

from the origin is

The projection of the line segment joining
(1,3,—1) and (3,2,4) on z-axis is

The direction cosines of the line through
(1,-1,1) and (2,-5,-3) is

The derection cosines of the line x =y =z
are

The equation ofthe plane passing through the
point (3,1,2) and parallel to the plane
2x+2y+2z+1=0is

Answers
1. (c) 2. (b) 3.(a) 4.(c)
5.(d) 6. (a) 7.(c)  8.(a)
9. (b) 10. (a) 11.(b)  12.(b)
13.(c)  14.(b) 15.(b)  16.(b)
17.(c)  18.(b) 19.(c)  20.(c)
10.  The equation of the line through the point

I1.

12.

13.

14.

15.

16.

17
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(2,3,5)and parallel to the line

x=3 y+l z+7
2 1 4 ®
The distance between the parallel planes

x—y—z+1=0 and y+z—-x+1=0 1s
The lines x=ay+b,z=cy+d and
x=a'y+b',z=c'y+d" are perpendicular
of aa' +cc' equalto

The direction ratios of the
line6x—-2=3y+1=2y—-21s

The equation of the lines passing through
(2,-1,3) and (4,2,1) is

The measure of the angle between two main
diagonals of a cube is

-4 y-2 z-k
1 1 2
plane 2x —4y + z then the value of f is

If the line al line on the

. The image of the point (1,3,4) in the plane

2x—y+z+3=01s



18.
19.

20.

21.

10.

11.

12.
13.

14.

15.
16.
17.
18.

19.

20.

The equation of yz —plane is
The equation of the line 2x+z-4=0=2y+z
in symmetrical form is
The distance between the parallel
planes 2x—-y+3z=4 and
2x—y+3z-18=01s
The perpenduclar distance of the point (2,1,0)
from the plane 2x+y+2z+5=0 is
Answers

x+3 y-1 z-2

0 2 -1

1
NERNER 3>
xX+y+z-6=0
x-2 y-3 z-5
2 1 4
2
V3
-1
(1,2,3
x=2 y+1 z-3
2 3 -2
i 1
cos  —
3
7
(-3.,5,2)
x=0
x=2 y-0 z-0
1 1 -2
4
N

—_

10.

I1.

12.
13.

14.
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Answer in one word

What is the equation of x-axis is symmetric
form?

What is the equation of the plane through
(0,0,0) perpendicular to the line joining (0,0,1)
and (0,0,-1)?

What is the distance between the parallel
planes x—y—z+1=0and y+z—-x+1=07?
If the planes 2x+y+kz—1=0 and
kx — y+ z +2 =0 are pependicular then f =?
What is the angle between the planes
x+y=0and y+z=1?

What is the distance between the
planes2x-3y+6z+1=0 and
4x—-6y+12z-5=07?

The angle between the planes x+ y+1=0
and y+z+1=01s?

What is the equation of the plane passing
through (1,1,2) and parallel to
x+y+z=17?

What is the distance between parallel planes
2x-3y+6z+1=0 and
4x—-6y+12z-5=07

What is the equation of the plane passing
through (1,0,0), (0,1,0) and (0,0,1)?

If the lines x=ay+b,z=cy+d and are
perpendicular then what is the value of
aa' +cc'?

What is the symmetricel form of y —axis .

What is the equation of the line passing
through (-1,0,1) and perpendicular to the

plane x+2y+1=07?

What is the vector equation of thel ine which
is passing through the point (5,-2,4) and

parallel to the vector 27 — j +3f .



15.

16.

17.

18.

What is the vector equation of al ine passing
through the point (1,2,3) and parall to the line
x=3 y+l z-2

2 7 -3

whose equation is

If I,m,n be the direction cosines of a line
which is perpendicular to the plane
x—3y+2z+1=0 then whatrelation we get

between /,m,n and 1,-3,27

x-3 y+k z+1
I

plane 2x—y+z—-7=0 then f =?

What is the image of the point (3,-2,1) in the

plane 3x— y+4z=27

If the line line on the

Answers
x-0 y-0 z-0
1 0 0

Answer in one sentence:

What are the skew lines.

Difine the shortest distance between two lines
in the space.

Find the equation of the line through the point
(2,3,5) and parallel to hte Iline

x=3 y+l z+7
2 1 4

Write the equation of the plane passing through
the point (3,1,2) and parallel to the plane
2x+2y+2z+1=0.

Write down the direction ratios of the line

2x=3y=4z.

Write the direction cosines of the line
x = y =Z .

10.
11.

12.

13.

14.

15.

16.
17.
18.

10.

I1.

12.
13.
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[ D= w|y

= W

+y+z=4

1 2 0

I_m_n
1 -2 2
k=2
(0,-1,-3)

What are the direction cosenes of the line
through (1,-1,1) and (2,-5,-3)?

What are the projection of the line segment
joing (1,3,-1) and (3,2,4) on z — axis?
Write the distance of the point of intersection
of the plane ax + by + cz+d = 0 and z-axis
from the origin.

Write the equaion to the plane that passes
through y-axis and z-axis.

What is the distance of the point (4,5,-3) from
y-axis?
Write the direction cosines of z-axis.

Write the equation of the line passing through
(-3,1,2) and perpendicular to the plane

2y—-z=3



14.

15.

16.

17.

18.

Write the angle between the planes
3z—5y+2z—-8=0and
2x+4y+7z+16=0

What are the ratio in which the line segment
joining the points (1,2,-2) and (4,3,4) is
divided by the xy — plane.

Write are the direction cosines ofthe line
perpendicular to the plane
3x-2y—-2z+1=0

Write the equation of the plane with intercept

on axes 1,-1,3.

Find the value of f for which the line

x=2 l-y z-1
3 k4

2x+6y+3z—-4=0

is parallel to the plane

Answers

Two lines in space are said to be skew lines if
they are neither parallel nor intersect.

The shortest distance between two lines /,
and /, is the distance PQ between two points
P & O where PQ is perpendicular to both
[, and [,.
The equation of the line passing through the
point (2,3,5) and parallel to the line
x=3 y-1 z+7
2 1 4 ©

x-2 y-3 z-5
2 1 4

The equation of the plane passing through

the point (3,1,2) and parallel to the
plane 2x+2y+2z+1=0 is

2x+2y+2z -12=0

The given line is 2x =3y =4z

X y 2
- = =
1/2 1/3 1/4
111
The direction ratios of the line are Eag,z

6.  The direction cosines of the line x=y =z

7. The direction cosines of the line through (1,-

1 4 -4
1’1) and (2’_5)-3) arc <E7E,E> X

8. The direction cosenes of z-axis are (0,0, 1).
The projection of the line segment joinig (1,3,-
1) and (3,2,4) on z-axis is

03-1)+02-3)+1(4+1)=5

9.  Required distance from the orign = — "

10. Equation of the plane that passes through y-
axis and z-axisis x = ()

11. The distance of the point (4,5,-3) from
y—axisis |4 +(3)2 =J16+9 =25=5

12.  The direction cosines of z-axis are (0,0,1).

13. The equation of the line passing through (-
3,1,2) and perpendicular to the point
x+3 y-1 z-2
0 2 -1

2y—z=31s

14. The angle between the
3x—5y+2z-8=0 and
2x+4y+7z+16=0.

planes

15. The line divides xy — plane in the ratio 1:2.

16. The direction cosines of the normal are

3 -2 =2
17. The equation of the plane is x—y+§=1,
x-2 y-1_ z-1
k4

the line in parallel to the plans
.'.2.3+6(—k)+3.4:0

18. The lineis

=k=3
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GROUP-B

Short Type (Questions & Answers)

The projection of a line segment Op
through the origin O on the coordinatcs axes
are 6,2,3. Find the length of the line segment

op and its direction cosines.

Find the equation of the plane passing
through the point (-1,3,2) and perpendicular
to the planes x+2y+2z=5 and

3x+3y+2z=8.

Find the locus of the point which are
equidistant from the points (1,2,3) and
(3,2,-1).

Find the equation of the plane through the
points (1,2,-3), (2,3,-4) and perpendicular to
theplane x+y+z+1=0

Find the perpendicular distance of the

point (-1,3,9) from the line
x-13 y+8 z-31
5 -8 1 -

Prove the measure of the angle between two

a1
main diagonals of a cube is €OS : 3

Find the equation of the plane passing through
the intersection of the planes
x+2y+3y—4=0 and 2x+y-z
+3 =0 . and also perpendicular to the plane

2x—y+2z+3=0

If the point (1, y,z) lines on the straight
line through (3,2,-1) and(-4,6,3) then find
y and z.

10.

11.

12.
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Find the coordinates of the point of intersection
x—1_ y+2 z-1
13 -l

2x+y+z=9.

of the line and the plane

Find the coordinatis of lthe point at which the
perpendicular from the origin meet the line
joining the points (-9,4,5) and (11,0,-1)

Find the image of the point (-2,0,3) with
respect to the plane y =3

Find the point where the line
22 2l ersect the pl
I ~{~—, intersect the plane

2x+y+z=2.

Hints & Solutions

The projection of )p on the coordinate axes
are 6,2,3.

The coordinats of p are (6,2,3)

OP =+6" +2% +3*
=36+4+9 =/49=7.

Length of

6 23
The direction cosisnes of OP are <7 > 7 ) 7> )

The given point is (-1,3,2).

The equation of the plane passing through (-
1,3,2) is

a(x+1)+b(y-3)+c(z=2)=0) .....(1)

The given planes are
x+2y+2z=5 ... (2)
3x+3yx2z=8 ... 3)

Since the plane (1) is perpendicular of (2) and
€)



al+b2+¢2=0
a3+b3+c2=0
=a+2b+2c=0

3a+3b+2¢c=0

By cross multiplicaiton, we get

a B b B c
22-32 23-12 13-32

a b ¢
:}—:—:—:k
2 4 3 (say)

=>a=-2k,b=4k ¢c=-3k

From (1) the required plane is
—2k(x+1)+4k(y—-3)-3k(2-2)=0

=2x-4y+32+8=0

x-2z=0

The equation of the plane passing throw (1,2,-
3)is

a(x—l)+b(y—2)+c(z+3)=0 .......... (1)
Since it is passing throug (2,3,-4) is
a(2-1)+b(3-2)+C(-4+3)=0
=a+b—-c=0 e )

Since the plane (1) is perpendicular to
x+y+z+1=0, we have

al+b1l+c1=0

=a+b+c=0 3)

From (2) and (3)

a_b_c
0 1
The required plane is

—(x=1)+0(y—-2)+1(2+3)=0

= x-z-4=0 /195 //

The given line is

x-13 y+8 z-31
5 -8 1

= r(say) ........ (1)

Let P be the point (-1,3,9)

let PM be the perpen-

dicular from P to the line (1)

Any point on the line (1) is

(57 +13,-8r—8,r+31).

The coordinates of M are
(57 +13,-8r—8,r +31) for some value of
7.

The d.r.s of PM are

(5r_13—(-1),-8r-8-3,r+31-9)

=(5r+14,-8r—11,r+22)

Since PM is perpendicular to the line (1) we
have

5(5r+14)+(-8)(-8r—11)+1(r+22)=0

=>r=-2

The coordinates of M are

(-10+13,16-8,-2+31) =(3,8,29)

PM = 3—(~1)’ +(8-3)’ (29-9)’

=16+25+400 =~/441 =21
11x+4y—-9z+3y=0
Let A and B be two given points whose

coordinates are (3,2,-1) and (-4,6,3)
respectively.

Let C be the point (l,y, z) .

The d.rs of AB are



10.

<—4-3,6-2,3-(-1)>
=<-7,4,4>
The drsof ACare <1-3,y—2,z—(-1)>

=<-2,y-2,z+1>
Since A,B,C are collinear, we have

=2 y-2 z+l

-7 4 4

(3, 4, —1)

Let A and B be the

given points whose
coordinates are (-9,4,5)
and (11,0,-1) respectively.

Let OC be the perpendicular from the origin
O to AB.

Let C divides AB in the ratio f :1

The coordinates of C are

11k-9 4 —k+5
k+1 k+1" k+1

The direction ratios of OC are

11-9 4 —k+5
k+1 "k+1" k+1

I1.

12.
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The direction ratios of AB are
< 11—(—a),0—4,—1—5 >

=<20,-4,-6>

Since OC is perpendicular to AB, we have

20.(1 Z‘;ﬁj + (—4)(%) +(-6)
(75:5}20

= (k=1)

Then the coordinates of C are (1,2,2).

The coordinates of image are (-2,6,3)

P (-1,3.9)

The coordinates of the point of intersection is
(1:15'1)

GROUP-C
Long Type questions.
Find the shortest distance between the

x-1 y-2 z-3
2 3 4

following two lines and

x-2 y—-4 z-5
3 4 5
quations of the line of shortest distance.

. Find the also the

Find the perpendicular distance from the point
(7,2,4) to the plane passing through three



points A (2,5,-3),
C(5,3,-3).

B(-2,-3,5) and

x+3 y+5 z-7
2 2 3

x+1 _ y+1 z+1
e
the equation of the plane conaining them

Prove that the lines

are coplanar. Find

Prove that the four
(0, 4,3)(—1,—5,—3) , (—2, —2,1) and

point

(1, 1,— 1) one plane. Find the equation of the

plane

x—4 y+3 z+1
1 —4 7

Show that the lines

x-1_ y+1 z+10
and T T Ty
their point of intersection and equation of the
plane in which they lie.

are coplanar Find

) : Xy z
Find the distance from the lmeE=§=T to

the point (4,5,2).

A variable plane is at a constant distance 3r
from the origin and meets the axes in A,B and
C. Show that the loucs of the centrod at the

triangle ABCis x> + y > +2z7° =

If the edge of a rectangular parllelopiped are
of length a,b,c then the angle between four
diagonals are.

L[ ta*£b’ £’
cos | —————

a’+b*+c’

If [,,m,,n, and [,,m,,n, be the direction
cosines of two mutualy perpendicular lines,
show that the direction cosines of the line
perpendicular to both of them are

m,n, _mznl’nl’nIIZ _nzlwllmz _lzmz

10.

I1.

12.

13.

14.

15.
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Find the image of the point (2,3,4) with
respect to the plane x— y+2z =4 obtain
the foot of the perpendicular from P on the
plane and the corresponding perpendicular

distance.

Prove that the straight lines whose direction
cosines are connected by the relations
[+2m+3m=0

3Im—41In+mn =0 are perpendicular to

each other.

Find the equation of the plane through the
points (2,2,1) and (9,3,6) and perpendicular
to the plane 2x+6y+6z—-1=0.

A plane through the point (-1,3,0) is
perpendicular to both the planes
x+2y+2z-5=0 and

_8=0.

Find the equation of the plane passing through
the point (1,-1,0) and the line of intersection
of the planes

2x—y+2z+3=03x-2y+62z+8=0

3x+3y+2z

Find the point of intersection of the line
x—=2 y+1 z-2
3 4 12
x—y+z=5.

and the planes

Hints & Solutions

Two given lines are

x-1_ y-2 z-3

The shortest distance between the above two
lines is



, Any point on the Iline (1) 1is
Yo X Vpt¥ %
poomon (21, +1,31, + 2,41, +3) for some value any
SD = 2 ™ n . . .
\/(m]nz -myl, )2 +(m2nl -mln2)2 +(llm2 -l,m, )2 point on the line (2) 1S
(3, +2,4r, +4,51, +5).
X=X W=V, 2,74
/ m n The coordinates of Q are also
Here| ! !
l, m, n, (3r2 +2,4r, +4,5r, + 5) for same value 7, .
2-1 4-2 5-3 The direction ratios of PQ are
=| 2 3 4
3 4 5 <3r,+2-2r-1,4r,+4-3r,-2,5r, +5
1 2 3 —4r, -3 >
=2 3 4 =<3r,—2r +1,4r, — 3 +2,5, —4r +2 >
3 45

=1(15-16)-2(10-12)+2(8-9)
=-1-2(-2)+2(-1)

=—1+4-2=1
Again

The direction ratios of the lines (1) and (2)
are < 2,34 > and < 3,4,5 > respectively.

Since PQ is perpendicular to the gives(1)
and (2).

(?ar2 —2r+1)+3(4r2 -35 +2)+4

2
+

2 2
\/(”11"2"”2"2) Hmym=myny |7+ fmy=lymy )

(51, —4r+2)=0
and 3(3r,—2r +1)+4(4r, -3 +2)+5

= J(3.5-44) +(43-2.5) +(24-3.3)
~1+4+1=6

1

J6 6

Required shortest distance =
unit
Two given lines are

x—1_y-2 z-3
2 3 4

~ 1 (say)

x-2 y—-4 z-5
3 4 5

= ]/'2

Let PQ be the shortest distance

Lfs

(5r,—4r,+2)=0.

=38, -291,+16=0
50 7, =38r+21=0 ......(5)
solving (4) and (5), we get

P h

(-29)21+38x16 16503821

1
"~ _38.38+29x50
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The direction ratio of PQ are
<3 _L —2.L+1,4 _L —3L+2
36 18 36 18 ’

5 _L —4.L+2>
36 18

29 31 59
=<—,—,—=>

3618 36

Also the coordinates of pare

2.i+1,3.L+2,4.i+3
18 18 18

= l+1,l+2,g+3 = Q,E,Q

9 6 9 9 6 9
The shortest distance PQ between two lines
(1) and (2) passes through the point

p 10 13 29

(3’?’?] where direction retios are

29 31 59
36718736
The equation of the shortest distance PQ is

o 13
o Y6 T

29 "3 %
36 18 36

Three given
A(2,5,-3),B(-2,-3,5) and C(5,3,-3)

Equation of the plane passing throgh the above
three points is

points are

x—2 y-5 z+3
-2-2 -3-5 543|=0
5-2 3-5 -3+43
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=2x+3y+4z-7=0 (1)

Let P be the point (7,2,4)
The perpendicular distance from the point

P(7, 2,4) to the plane (1)

_27+33+44-7

V2P 437 4

14+6+16-7 29 @ )
= unit

T J419+16 V29

The given lines are
x+3 y+5 z-7

- = =n(say) ... 1
2 3 -3 i (sav) ()
x+1 y+1 z+1

= = =r,(sa
4 s T T R69) )
Any point on the line (1) is

(2’”1 -3,3r,-5,-3x +7)
Any point on the line (2) is
(4r, 1,51, —1,—1, —1)

If the lines are coplanar, then they must
intersect.

.. Atthe point of intersection
21, =3=4r, -1
3n-5=5r,-1
=3n+7=-r,-1

=]
M

(2)



3r—r,—-8=0 ... ®))
Solving (3) and (4) , we get
r,=3and r, =1
These values of 7, and r, satifies the equation
).
So the lines are coplanar.

Equation of the plane containing these two
lines is
x+3 y+5 z-7
2 3 -3 |=0
4 5 -1

= 6x-5y-3=0

Four given points are

(0,4,3),(~1,-5,-3),(-2,-2,1)  and
(1,1,-1)

X, =X Vgt Y Z,—Z
Xo=X W=V Z,7%

Xy =X V3=V Z3—Z

1-0  1-4 -1-3
=[-1-0 -5-4 -1-3
2-0 —2-4 1-3

1 -3 —4
=-1 9 -6
2 -6 -2

=(18-36)—(-3)-4(-12)
=18-30+48=0
So the four points are coplanar.

Equation of the plane containing the first three
points is
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X=X Y= zZz—z
=X YV=y» z,-%=0
X=X W=V 374
x-0 y—-4 z-3

=|-1-0 —5-4 —3-3=0
2-0 2-4 1-3

x y—-4 z-3
=-1 -9 -6|=0
-2 -6 2

= x(18-36)—(y—4)(2-12)+(2-3)
(6-18)=0

=9x-10y+12z+4=0

Two given lines are

x—4 y+3 z+1

. 4 T e (1)
x-1_ y+1 z+10 5
> 3 g e )

The points on the line (1) and (2) are
(4,-3,—1) and (1,—1,—10) respecitively
.. Two lines (1) and (2) are coplanar

X, =% 4,-» z,-z

1-4 143 —10+1

Here — 7
2 -3 8
-3 2 -9
1 4 7
2 -3 8

=-3(-32+21)-2(8-14)-9(-3+8)



=33+12-45=0
So two given lines are colanar.
Equation (1) and (2) can be written as

- +3 +1
xly:J’_4 _Z :rl(say)

x=1_ y+1 z+10
2 -3 8

Any point on the line (1) is
(r+4,—4r, 3,75, 1)

Any point on the line is
(2r, +1,-3,r, — 1,81, - 10)

At the point of intersection,

n+y=2r+1

—4n-3=-r-1
r,—1=8r, 10

n=2n+3=0 ... 3)
4r -3r,+2=0 ... “4)
Tn=8rn+9=0 ... Q)

Solving (3) & (4), we get

4 r, 1

449 12-2 -3+8

non_ 1

5 10 5

The value of 7 &r, satisfy the
equation (5).

The point of intersection is given

(1+4,-4-3,7-1)=(5,-7,6)

Equation of the plane is
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x—4 y-3 z+1

=>1lx-6y-5z-67=0

The given line is

Let P be the given point

whose coordinates are

(4,5,2). From P, let as

draw a perpendicular PM to the line (1)

Any point on the is (27,3r,7) coordinates

of M are also (2r,3r,r) for some value of
7.

Direction ratio of pjps  are
<2r—4,3r-5,r —2> d.rs of the given line

are <2,3,1>
Since PM is perpendcular to the given line,
we have 2(2r-4)+3(3r-5)
+ (r - 2) =0

=4r—-8+ar-15+r-2=0

= 14r =25
25

=r=""
14

The coordinates M are

(BB 5
147771414

_[(5075 25
14°14° 14

2 2 2
PM = (59_4j4(?§_5j+(2§_zj
14 14 14




S CEBEE)

At 4,y+0,z=0

let 04 =x,
From (1),

[x,+mo+n.o=3r

= Ix, =3r
3r
=X =—
e

3r

. 3r
Semilarly y, =—,z, = —
m n

) 3r
The coordinaty of 4,B& C are | 0,0

/
’[09 9()},(0:093 j
m n

Let (x, v, z) be the coordinaty of the centoid
of'the tringle ABC.

3lr+0+0

SX=E=E—— =

3

~ |

Semilaly y =—,z =—

r
m

From (2), we get
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Let OAB C D E F G be a rectangular
parallelopiped O4 =a,0C =b,0E =C.
Letus take O as origin, OA along x — axis ,
OC along y —axis and OE along z — gxis -
The coordinates of the corner points
are 0(0,0,0) , A4(a,0,0), B(a,b,0),
C(O,b,O), D(O,b,c),E(0,0,c) ,
F(a,O,c), G(a,b,c)

The d.rs of QG are <a—-0,b—0,0—c >
=<a,b,c>

The d.rs of gp are <a—0,b-0,0—c>
=<a,b,—c>

Let O be the angle between OG and EB

a.a+b.b+c(—c)
Nat+b*+¢? \/az +b* (—0)2

3 a’ +b* —c?
a’+b*+c?

0 = cos™ a’+b*-¢?
=c0s | 5—5—
a +b° +c

Similarly we can find the angle between other
diagonals.

cosf =



10.

So the angle between the diagonals
[ xaP£b £
o8 | ——F—
a +b" +c

Let OA and OB are two mutually
perppndimﬂar linee whnee d_cs are
P 452)

<l,m;,n > and <[l,,m,,n, >

Let OC be the line which is perpenidcular to
OA and OB.

Letd.rsof OCbe </,m,n >,

Since OC is perpendicular to both OB and
OB,

[l +mm +nn =0
[l,+ mm,+nn, =0
By cross multipliction, we get

[ m n

mn, —m,n, ml,=ml  Lm,—Lm

n=Im,—lm,
Then d.rs of the line OC are

<m1n2 —myn,nl, =yl [m, — n2>

The equation of the plane is

Let P be a point whose

coordinaty are (2,3,4)
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From P, let as a perpendicular PM to the plane
Let as produce PM to O such that
PM =MQ.

The point Q is called the image of P the d.rs
of PM are (1,-1,2)

Equations of the line PM are

x—2 _ y—=3 z-4

1 1" (say)

Any point on the line are

(r+2—r+3,2r+4)

The  coordinaty of Q are
(r+2,—r+3,2r+4) for some value of 7.
Since M is the middlepoint of PQ, the
coordinaty of M are

r+2+2 —r+3+3 2r+4+4
2 72 2

2

5 b

(r+4 —r+6 2r+8
2 2 2
Since it is a point on the plane (1), we have

r+4_—r+6+2 2r+8 4
2 2 2

=>r+4+r—-6+4r+16=38

=r=-—1
AZ
E D
F —1G
el P I
A B
X



11.

The coordinaty of the foot of the perpendicular

-1+4 1+6 -2+8
2 72 2

(3o
1
o))

NG

=—— unit.
2

b

The given relations are
[+2m+3n=0

3im—4In+nm=0
From (1), we get [/ = —(2m +3n)

From (2), we get
=3(2m+3n)m+4(2m+3n)n+nm=0

= m? =2n*

:>m:ir\/§n

/= —(2m+3n)

<Ly >

<h,m,n >

c

= —(i2\/§n +3n)
:-(3i2\5)n

The d.rs of two lines are —(3 + 2\/5,\/5,1)

and (-3,2v2,-V2,1)

12.
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Let these d.rs be (a,,b,,¢,) & {ay,b,,¢,)
Soaa,+b, +cc,
=—(3+2v2) (22 -3)+2 (V2 ) +1
=—(8-9)-2+1

=1-2+1=0

So two lines are perpendicular to each other.

Given plane is
2x+6y+6z—1=0 ............. (1)

Let A and B be two given points whose
coordinates are (2,2,1) and (a,3,6).

Equation of the pane passing through (2,2,1)
is

a(x=2)+b(y—2)+c(z-1)=0........ )

Since it is passing through (a,3,6), we get
a(9—2)+b(3—2)+c(6—1):0

= Ta+b+5¢=0 veeeeee(3)
From (3) & (4) by cross multiplication,

a b c

6-30 10-42 42-2

a b c
> — == —
24 =32 40

a b c
:>§—Z—_—5—k(Say)

soa=3k,b=4k,c=-5k

The required plane is

3k(x—2)+4k(y—2)-5k(2-1)=0



13.

14.

=3(x-2)+4(y-2)-5(z-1)=0

Two given planes are

X+2y+2z-5=0 veeeeeen(1)

3x+3y+2z-8=0

Equation of the plane passing through
(-1,3,0) is
a(x+1)+b(y—=3)+c(z-0)=0

are the d.rs of its normal. Since this plane is

where

a,b,c

perpendicular to

the planes (1) & (2) , we have 5.
a+2b+2c=0 e 4
3a+3b+2c=0 e (5)

By cross multiplication, we have

a b ¢
4-6 6-2 3-6

a b ¢
:>_—2—Z—_—3—k(SCly)

=a=-2k,b=4k,c=-3k

The required plane is
—2x(x+1)+4x(y—3)—3x(z—0) =0
= 2(x+l)—4(y—3)+3z =0

The given planes are
2x—y+2z+3=0

3x-2y+6z+8=0

Equation of the plane passing through the
intersection of the planes (1) & (2) is

2x—y+2z+3+k (3x—2y+62+8)=0
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Since it is passing through (1,—1,0) we have
2+1+0+3+k(3+2+0+8)=0

=13k =-6
=6

=>k=—
13

Required plane is

6
2x—y+2z+3)—— _
(x v+ z+) 13 (3x 2y+6z+8)

=0
=8x—y—-10z-9=0

The equation of the plane is

X—y+z=5 ... (1)
Given line is
x—2 +1 z-2
S A =r(say) .. (2)

3 4 12

Let the line (2) intersect the plane (1) at the
point P.

Any point on the line (2) is
(3r+2,4r-1,12r +2)
The coordinaty of P are

(3r+2,4r-1,12r+2) for some
value of .
This point wil satisfy the equation (1)
3r+2—(4r—1)+12r+2=5

=3r+2—-4r+1+12r+2=5
=11r=0 =r=0
The

(3.0+2,4.0-1,12.0+2)

coordinaty of P are

=(2,-1,2)

kokskokosk
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